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Abstract
We study 2-dimensional Artin groups of hyperbolic type from the point of view
of measure equivalence, and establish strong rigidity statements.
As a first step, we prove that they are boundary amenable – as is more generally
every group which acts discretely by isometries on a connected piecewise hyperbolic
CAT(−1) simplicial complex with countably many simplices in finitely many isome-
try types, under the assumption that vertex stabilizers are boundary amenable. As
a byproduct, these groups satisfy the Novikov conjecture.
We find an infinite collection C of Artin groups (already considered by Crisp in
his work on abstract commensurators) which are superrigid for measure equivalence:
every countable group which is measure equivalent to a group G in the class C, is in
fact almost isomorphic to G. We also get measure equivalence classification results
within the class of Artin groups. More precisely, we prove that whenever two 2-
dimensional Artin groups of hyperbolic type are measure equivalent, then there is
an isomorphism between their fixed set graphs – these graphs were introduced by
Crisp and constitute a natural analogue of the curve graph in the realm of Artin
groups.
This can be reformulated in terms of orbit equivalence rigidity of actions of 2-
dimensional Artin groups of hyperbolic type. As many of these groups are properly
proximal in the sense of Boutonnet, Ioana and Peterson, this also yields strong
rigidity results for von Neumann algebras associated to their ergodic actions. In
particular, we build a new infinite class of examples of groups all of whose ergodic
probability measure-preserving actions are W ∗-superrigid. Other applications of
our work include a superrigidity statement for cocycles from higher-rank lattices to
2-dimensional Artin groups of hyperbolic type, and a rigidity statement regarding
possible lattice embeddings of certain Artin groups.
Introduction
The present paper is concerned with measure equivalence rigidity and measure equiva-
lence classification results for certain Artin groups. Along the way, we establish that all
2-dimensional Artin groups of hyperbolic type are boundary amenable – as a byproduct,
they satify the Novikov conjecture on higher signatures.
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Artin groups. Let Γ be a finite simple labeled graph, where every edge is labeled by
an integer at least equal to 2. The Artin group with defining graph Γ, denoted GΓ, is the
group defined by the following presentation: its generators are the vertices of Γ, and its
relators are given by
aba · · ·︸ ︷︷ ︸
m
= bab · · ·︸ ︷︷ ︸
m
whenever a and b span an edge with label m. When all edge labels are equal to 2,
the group GΓ is a right-angled Artin group; in this case, we simply have commutation
relations given by the edges of Γ. A few classes of Artin groups, like braid groups and
right-angled Artin groups, are well-studied. These examples are known to have rich
geometry and deep connections with other objects. However, the mysterious geometry
of general Artin groups remain largely unexplored, partly due to the difficulty with its
deceitful simple presentation. We refer to [McC17] for perspectives.
In the present paper, we will be mainly interested in 2-dimensional Artin groups of
hyperbolic type, i.e. non-free Artin groups GΓ such that for every triangle in Γ with edge
labels m,n, r, one has 1m+
1
n +
1
r < 1, and every 4-cycle in Γ with no diagonal in Γ has at
least one label bigger than 2. The geometry of these groups presents negative curvature
features: when GΓ is 2-dimensional, seminal work of Charney and Davis [CD95] shows
that the modified Deligne complex of GΓ (see Definition 1.3 below) can be equipped with
a CAT(0) metric. It turns out thatGΓ is of hyperbolic type precisely when this complex is
Gromov-hyperbolic [Cri05], and Martin and Przytycki recently built in [MP19] a coned-
off version of the Deligne complex which is a CAT(−1) simplicial complex with finitely
many isometry types of simplices – and still equipped with an action of GΓ which is
nonelementary unless Γ is an edge or a star with all labels equal to 2.
Boundary amenability. Our first goal is to show that 2-dimensional Artin groups of
hyperbolic type are boundary amenable. We recall that a countable group G is boundary
amenable if it admits a Borel amenable action on a compact space X, i.e. there exists
a sequence of Borel maps νn : X → Prob(G) such that for every g ∈ G, one has
||νn(gx) − g · νn(x)||1 → 0 as n goes to +∞. Here the topology on the group Prob(G)
is the subspace topology from ℓ1(G). The usual definition requires the maps νn to be
continuous and the convergence to be uniform in x, but this in fact yields an equivalent
definition [Ren15, Oza06b].
Boundary amenability has already been established for many classes of groups, among
which linear groups [GHW05], hyperbolic groups [Ada94a] and more generally relatively
hyperbolic groups with boundary amenable parabolics [Oza06b], locally compact groups
acting properly by automorphisms on buildings [Le´10], mapping class groups of finite-
type surfaces [Kid08, Ham09], outer automorphism groups of finitely generated free
groups (and more generally of right-angled Artin groups and of torsion-free hyperbolic
groups or toral relatively hyperbolic groups) [BGH17]. It has also been established for
groups acting properly and cocompactly on CAT(0) cube complexes [CN05], and more
generally for countable groups acting on finite-dimensional CAT(0) cube complexes with
boundary amenable vertex stabilizers [GN11]; in particular all Artin groups of type FC
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are boundary amenable [GN11]. On the other hand, Gromov’s monster containing a
properly embedded expander fails to be boundary amenable [Gro03, AD, Osa14].
One motivation for studying boundary amenability is that every countable group
which is boundary amenable satisfies the Novikov conjecture on higher signatures, as
follows from works of Yu [Yu00], Higson–Roe [HR00] and Higson [Hig00]. Another mo-
tivation comes from operator algebras: boundary amenability of a countable group is
equivalent to the exactness of its reduced C∗-algebra [AD02, Oza00]. A third motiva-
tion – which is the main motivation of the present paper – comes from applications to
measured group theory.
Theorem 1. Let X be a connected piecewise hyperbolic CAT(−1) simplicial complex
with countably many simplices that belong to finitely many isometry types. Let G be a
countable group acting discretely on X by isometries.
1. If the G-stabilizer of every vertex of X is boundary amenable, then G is boundary
amenable.
2. If the G-stabilizer of every edge of X is amenable, then the G-action on the visual
boundary ∂∞X is Borel amenable.
Notice that none of the two statements directly implies the other; in particular, the
visual boundary ∂∞X need not be compact.
As mentioned above, recent work of Martin and Przytycki shows that every 2-
dimensional Artin group of hyperbolic type admits an action as in Theorem 1, where
every vertex stabilizer splits as a direct product of a finitely generated free group and Z.
Therefore, using the fact that boundary amenability is stable under passing to subgroups
(as follows from [Oza06b, Proposition 11]), we get the following corollary.
Corollary 2. Every group which embeds in a 2-dimensional Artin group of hyperbolic
type is boundary amenable, and therefore satisfies the Novikov conjecture.
Let us say a word about our proof of Theorem 1. The model case for proofs of
boundary amenability is the action of a finitely generated free group FN on its boundary:
the measures νn in this case associate to every point ξ ∈ ∂∞FN the uniform probability
measure on the first n vertices on the geodesic ray from e to ξ in a fixed Cayley tree. The
key geometric feature ensuring that these maps are asymptotically equivariant is that
any two rays targeting the same point at infinity eventually coincide – see e.g. [Oza06a,
Example 2.2].
When a countable group G acts on a CAT(−1) space, geodesic rays converging to
the same boundary point also get arbitrary close to one another. But one needs a
bit more structure on the space to define the maps νn. Kaimanovich established the
boundary amenability of G under a ‘bounded geometry’ assumption – which includes
the case when X is proper [Kai04]. In our case, we use the simplicial structure as follows:
one first associates to every geodesic ray r the collection of all simplices traversed by
r before time n. The problem is that when two rays r and r′ converge to the same
boundary point, it is possible that r follows an edge e very closely while staying in a
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simplex ∆ that contains e as a face, while r′ follows that same edge e very closely while
staying in a different simplex ∆′ that also contains e as a face. We tackle this difficulty
via a system of weights associated to each simplex: in the above case, the probability
measure associated to the ray r will give a very small weight to ∆ and a big weight
to e – intuitively, the weight measures how close to the ‘center’ of the simplex the ray
passes. Our hypothesis that there are finitely many types of simplices enables us to
choose the weights in an appropriate way. In this way we get maps from ∂∞X to the
set of simplices of X, which is why we need the extra assumption that stabilizers of
simplices are boundary amenable to conclude. But another problem is that ∂∞X need
not be compact. This is tackled by working instead in the horofunction compactification
of X. A key observation coming from work of Maher and Tiozzo [MT18] is that to every
horofunction on X which is unbounded from below, one can naturally associate a point
in ∂∞X, while to every horofunction which is bounded from below, one can naturally
associate a point in X, defined as the circumcenter of the minset of the horofunction.
Measure equivalence rigidity. The notion of measure equivalence between count-
able groups was coined by Gromov in [Gro93] as a measurable analogue of the notion of
quasi-isometry between finitely generated groups. Two countable groups G1 and G2 are
measure equivalent if there exists a measure equivalence coupling between them, defined
as follows.
Definition (Measure equivalence coupling). Let G1 and G2 be two countable groups. A
measure equivalence coupling between G1 and G2 is a standard measure space Σ equipped
with a measure-preserving action of G1×G2 by Borel automorphisms such that for every
i ∈ {1, 2}, the Gi-action on Σ is essentially free and has a finite measure fundamental
domain.
An important example is that two lattices in the same locally compact second count-
able group are always measure equivalent. Another example is that two groups G1 and
G2 which are almost isomorphic are always measure equivalent: by this we mean that
there exist finite-index subgroups G′i ⊆ Gi and finite normal subgroups FiEG
′
i such that
G′1/F1 is isomorphic to G
′
2/F2.
A central question in measured group theory is to determine, given a countable
group G, to what extent the measure equivalence class of G determines G up to almost
isomorphism. The strongest possible rigidity statement is the following: a countable
group G is ME-superrigid if for every countable group H, if H is measure equivalent
to G, then H is almost isomorphic to G. Superrigidity is far from being the norm: for
example, a celebrated theorem of Ornstein and Weiss [OW80] asserts that all amenable
groups are measure equivalent to one another; also, Gaboriau constructed in [Gab05]
many examples of non-free groups that are measure equivalent to finitely generated free
groups. This is in deep contrast with the superrigidity results obtained by Furman
[Fur99] for lattices in higher rank simple Lie groups and by Kida [Kid10] for mapping
class groups of finite-type surfaces. Our goal is to establish similar strong rigidity results
in the realm of 2-dimensional Artin groups of hyperbolic type.
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Two-dimensional Artin groups of hyperbolic type are already known to satisfy var-
ious forms of rigidity. Crisp studied their abstract commensurators [Cri05]; in partic-
ular he exhibited an infinite collection of Artin groups G for which the natural map
G → Comm(G) is an isomorphism. More recently, the second named author and Os-
ajda [HO17] established strong form of quasi-isometry rigidity results for certain two-
dimensional Artin groups.
There is a natural analogue of the curve graph for these groups, which originally
appeared in Crisp’s work [Cri05]. A possible definition of the graph ΘΓ associated
to G = GΓ, which highlights the analogy with the curve graph, is the following (this
definition works well for hyperbolic type Artin groups but has to be modified for more
general 2-dimensional Artin groups, see [HO17]). Vertices of ΘΓ correspond to maximal
cyclic subgroups of GΓ whose centralizer is non-abelian, and two vertices are joined by an
edge whenever the corresponding cyclic subgroups generate a rank 2 abelian subgroup of
G. The cyclic subgroups that appear as vertices can be characterized more explicitly in
terms of the defining graph Γ, see Definition 6.7. Observe that Dehn twists in mapping
class groups of connected orientable surfaces of complexity 2 (i.e. either a 5-holed sphere
or a twice-holed torus) can be similarly characterized as maximal cyclic subgroups whose
centralizers contain non-abelian free groups (though the same characterization does not
hold if the complexity is at least 3).
Osajda and the second named author proved the following.
1. Let G and G′ be two 2-dimensional Artin groups with finite outer automorphism
group such that they are not quasi-isometric to Fk × Z. Then any quasi-isometry
between G and G′ induces an isomorphism between their “curve graphs”. We refer
to [HO17, Theorem 1.3] for a more general statement without the assumption on
outer automorphism group.
2. If in addition the G-action on ΘΓ is rigid in the sense that the natural homo-
morphism G → Aut(ΘΓ) is injective and has finite-index image, then G is quasi-
isometrically rigid: every finitely generated group which is quasi-isometric to G,
is in fact almost isomorphic to G, see [HO17, Corollary 1.4]. This applies in par-
ticular to the class of Artin groups considered by Crisp in his work on abstract
commensurators.
The main results of the present paper provide an analogue of the aforementioned
quasi-isometry rigidity theorems from the measured group theoretic viewpoint: Theo-
rem 3 below is an analogue of the first statement above, and Theorem 4 is an analogue
of the second statement above.
A graph isomorphism between two graphs Θ1 and Θ2 is a bijection from Θ1 to
Θ2 which is a graph map (i.e. it sends vertices to vertices and edges to edges), and
whose inverse is also a graph map. We denote by Isom(Θ1 → Θ2) the set of all graph
isomorphisms from Θ1 to Θ2.
Theorem 3. Let G1 = GΓ1 and G2 = GΓ2 be two 2-dimensional Artin groups of hy-
perbolic type with defining graphs Γ1 and Γ2, respectively. Assume that there exists a
measure equivalence coupling Σ between G1 and G2.
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Then ΘΓ1 and ΘΓ2 are isomorphic, and there exists a Borel (G1 × G2)-equivariant
map
Σ→ Isom(ΘΓ1 → ΘΓ2),
where the (G1 ×G2)-action on Isom(ΘΓ1 → ΘΓ2) is via (g1, g2) · f(v) := g2f(g
−1
1 v).
Using a theorem of Kida [Kid10, Theorem 6.1], we then deduce the following state-
ment.
Theorem 4. Let G = GΓ be a 2-dimensional Artin group of hyperbolic type with defining
graph Γ. Assume that the natural homomorphism G → Aut(ΘΓ) is injective and has
finite-index image, and that Aut(ΘΓ) does not have any nontrivial finite normal subgroup.
Then G is ME-superrigid.
By combining this theorem with earlier work of Crisp [Cri05], we deduce the following.
Corollary 5. Let Γ be a connected, triangle-free labeled graph all of whose labels are at
least 3. Suppose Γ does not have separating edges or vertices. Assume in addition that
Γ satisfies the following vertex rigidity condition: every label-preserving automorphism
of Γ which fixes the neighborhood of a vertex is the identity automorphism.
Then GΓ is ME-superrigid.
There are plenty of Artin groups satisfying the assumptions of Corollary 5 – the
simplest examples include Γ being an n-cycle with n ≥ 4 and arbitrary edge labeling.
Notice that all Artin groups GΓ as in Corollary 5 have finite outer automorphism
group [Cri05, Theorem 3]: this is similar to the mapping class group setting [Iva97]. On
the other hand, the vertex rigidity condition is related to a subtle aspect of the combina-
torics of Artin groups which is not seen in the world of mapping class groups. Dropping
this condition leads to counterexamples to ME-superrigidity [Cri05, Section 12]; indeed,
ME-superrigidity implies that the natural map from G to its abstract commensurator
is an isomorphism [Kid11, Lemma 3.9], and Crisp gave counterexamples in [Cri05, Sec-
tion 12].
Theorem 3 also yields other measure equivalence classification results within the class
of Artin groups. It should be noted that even if we do not get a complete classification,
Theorem 3 gives a sufficient condition – that can be checked in practice in some cases
– ensuring that two Artin groups are not measure equivalent to one another. In the
following statement, the measure equivalence classification coincides with the quasi-
isometry classification [HO17, Theorem 1.6].
Corollary 6. Let G1 and G2 be two Artin groups whose defining graphs are both con-
nected, triangle-free, with all labels at least 3. Suppose the defining graph of G1 has no
separating vertex and no separating edge.
Then G1 and G2 are measure equivalent if and only if they are isomorphic.
As another corollary, we obtain a measure equivalence classification statement in
the context of right-angled Artin groups, analogous to the quasi-isometry classification
established by Bestvina, Kleiner and Sageev in [BKS08, Corollary 1.7]. A right-angled
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Artin group is transvection-free if its outer automorphism group does not contain any
transvection – equivalently, in its underlying graph, one cannot find two distinct vertices
v,w such that the link of v is contained in the star of w.
Corollary 7. Let G1 and G2 be two transvection-free right-angled Artin groups whose
underlying graphs have girth at least 5. Then G1 and G2 are measure equivalent if and
only if they are isomorphic.
In future work, we would like to investigate the case of right-angled Artin groups
further and hopefully remove the girth condition from the hypotheses, in order to obtain
the measure-theoretic analogue of the quasi-isometry classification statement established
by the second named author in [Hua18, Theorem 1.2].
Proof ingredients. The broad outline of our proof of Theorem 3 follows Kida’s strat-
egy in the mapping class group setting. In fact, it turns out that there are many striking
analogies between mapping class groups and 2-dimensional Artin groups of hyperbolic
type. These analogies motivated us to provide in Section 5 an axiomatic setting for the
proof of measure equivalence rigidity that enables to tackle both settings. For the rest
of this introduction, we will focus on the case of Artin groups, and highlight the most
striking analogies with mapping class groups along the way.
Using classical arguments from measured group theory (see e.g. [Fur11b]), proving
Theorem 3 reduces to proving a statement about measured groupoids associated to
probability measure-preserving actions of a 2-dimensional Artin group G of hyperbolic
type with defining graph Γ. One needs to give a groupoid-theoretic characterization
of subgroupoids that ‘fix’ a vertex of ΘΓ. In order to keep this introduction not too
technical, we will only provide the group-theoretic analogue of this statement, which is
the following.
A subgroup H ⊆ G is equal to the stabilizer in G of some vertex of ΘΓ if and only
if H is a maximal (for inclusion) subgroup of G satisfying the following property: H is
nonamenable and has a normal infinite amenable subgroup.
Interestingly enough, the exact same characterization holds for stabilizers of essential
simple closed curves in mapping class groups of finite-type surfaces, the infinite normal
amenable subgroup being the subgroup generated by the Dehn twist about the curve.
Likewise, we need a characterization of when two subgroupoids ‘fix’ adjacent vertices
in Θ(G), whose algebraic counterpart is the following – and again, the exact same fact
holds in the mapping class group setting for vertices of the curve graph.
Two distinct vertices v1 and v2 of ΘΓ are adjacent if and only if the intersection of
their stabilizers in G does not fix any third vertex of ΘΓ.
Among the geometric ingredients used in the proof of Theorem 3, we mention the
amenability of the G-action on the boundary ∂∞D
∗
Γ of its coned-off Deligne complex
D∗Γ (guaranteed by Theorem 1), the partition of the horocompactification of D
∗
Γ already
mentioned in the proof of boundary amenability, and the existence of a barycenter map
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– which easily follows from CAT(−1) geometry – that associates a point in D∗Γ to every
triple of pairwise distinct points in ∂∞D
∗
Γ. Also, it is important to have an analogue
to the notion of a canonical reduction system from the mapping class group setting:
this comes in the form of a map that canonically associates to every (possibly infinite)
collection of vertices of ΘΓ with infinite elementwise stabilizer, a unique vertex of ΘΓ
– this construction, and its relationship to canonical reduction systems, is explained in
detail in Section 6.7. A reader familiar with Kida’s proof of measure equivalence rigidity
in [Kid10] will have recognized analogues of the essential ingredients from there.
Orbit equivalence rigidity and W ∗-superrigidity. Measure equivalence rigidity is
intimately related to orbit equivalence rigidity of ergodic probability measure-preserving
actions. Theorem 7.7 has the following consequence – we refer the reader to Section 7.3
for the relevant terminology.
Theorem 8. Let G be a 2-dimensional Artin group of hyperbolic type with defining graph
Γ. Assume that the natural homomorphism G → Aut(ΘΓ) is injective and has finite-
index image, and that Aut(ΘΓ) does not have any nontrivial finite normal subgroup.
Let G y (X,µ) be an ergodic measure-preserving essentially free action on a stan-
dard probability space (X,µ) by Borel automorphisms, and let H y (Y, ν) be an ergodic
measure-preserving essentially free action of a countable group H on a standard proba-
bility space (Y, ν) by Borel automorphisms.
If the actions G y (X,µ) and H y (Y, ν) are stably orbit equivalent, then they are
virtually conjugate.
By combining this orbit equivalence rigidity statement with a recent theorem of Haet-
tel [Hae20] showing that many 2-dimensional Artin groups have proper isometric actions
on proper finite-dimensional CAT(0) cube complexes, we derive strongW ∗-supperigidity
results for certain Artin groups. In particular, the theorem below yields a new infinite
class of examples of countable groups, all of whose essentially free ergodic probability
measure-preserving actions are W ∗-superrigid, after Houdayer, Popa and Vaes [HPV13]
and Chifan, Ionut and Kida [CIK15].
Theorem 9. Let G be a 2-dimensional Artin group of hyperbolic type whose defining
graph Γ is either bipartite with all labels at least 3, or is triangle-free with all labels at
least 4. Assume that the natural homomorphism G→ Aut(ΘΓ) is injective and has finite
index image, and that Aut(ΘΓ) does not have any nontrivial finite normal subgroup.
Then every ergodic measure-preserving essentially free action of G by Borel automor-
phisms on a standard probability space is W ∗-superrigid.
A simple example when the assumption of Theorem 9 is satisfied is when Γ is a
n-gon with n ≥ 4 and all labels of Γ are at least 4 (or when Γ is an n-gon with n even at
least equal to 4, and all labels of Γ are at least 3). We refer to Theorem 6.30 for more
examples.
If we assume that Γ is triangle-free but remove the assumption that all labels are
at least 4, we cannot apply Haettel’s theorem any longer, but it remains true that
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every 2-dimensional Artin group of hyperbolic type is properly proximal in the sense
of Boutonnet, Ioana and Peterson [BIP18]. Therefore, we can still derive a rigidity
statement to the cost of restricting to weakly compact actions in the sense of Ozawa and
Popa [OP10, Definition 3.1].
Theorem 10. Let G be a 2-dimensional Artin group of hyperbolic type whose defining
graph Γ is triangle-free. Assume that the natural homomorphism G → Aut(ΘΓ) is
injective and has finite index image, and that Aut(ΘΓ) does not have any nontrivial
finite normal subgroup.
Let Gy (X,µ) be an ergodic measure-preserving essentially free action on a standard
probability space (X,µ) by Borel automorphisms, and let H y (Y, ν) be a weakly compact
ergodic measure-preserving essentially free action of a countable group H on a standard
probability space (Y, ν) by Borel automorphisms.
If the von Neumann algebras L∞(X,µ)⋊G and L∞(Y, ν)⋊H are isomorphic, then
the actions Gy (X,µ) and H y (Y, ν) are virtually conjugate.
Theorem 8 and Theorem 10 apply in particular to Artin groups satisfying the as-
sumptions of Corollary 5. So does Theorem 9 with the extra assumption that all labels
of Γ are at least 4.
Other applications: lattice embeddings, cocycle superrigidity. We conclude
this introduction by mentioning two additional applications of our work. The first is a
consequence of Theorem 4, saying that 2-dimensional Artin groups of hyperbolic type
that satisfy the above rigidity statements do not embed as lattices in locally compact
second countable groups in a nontrivial way.
Theorem 11. Let G be a 2-dimensional Artin group of hyperbolic type with defining
graph Γ. Assume that the natural homomorphism G → Aut(ΘΓ) is injective and has
finite index image, and that Aut(ΘΓ) does not have any nontrivial finite normal subgroup.
Let H be a locally compact second countable group (equipped with its right Haar measure),
and let f : G→ H be an injective homomorphism, such that f(G) is a lattice in H.
Then there exists a continuous homomorphism g : H → Aut(ΘΓ) with compact kernel
such that g ◦ f coincides with the inclusion map from G into Aut(ΘΓ).
The second application is a cocycle rigidity statement: this is not a direct consequence
of measure equivalence rigidity, but it follows from the geometric techniques developed in
the present work together with work of Guirardel, Le´cureux and the first named author
[GHL]. It extends the fact that there is no nontrivial homomorphism from a higher-rank
lattice to a 2-dimensional Artin group of hyperbolic type.
Theorem 12. Let G be a 2-dimensional Artin group of hyperbolic type. Let H0 be a
product of connected higher rank simple algebraic groups over local fields. Let H be either
H0, or a lattice in H0. Let Ω be a standard probability space equipped with an ergodic
measure-preserving H-action by Borel automorphisms.
Then every Borel cocycle H × Ω→ G is cohomologically trivial.
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Organization of the paper. Section 1 gives general background on Artin groups and
their actions on certain geometric spaces, in particular the modified Deligne complex and
its coned-off version.
In Section 2, we establish several geometric features of CAT(−1) spaces of crucial
importance in the paper: in particular, we study the horofunction compactification of
such spaces, and we describe a barycenter map that associates a center to every triple
of points in the visual boundary.
In Section 3, we establish our first main theorem, concerning boundary amenability
of groups acting on piecewise hyperbolic CAT(−1) simplicial complexes with finitely
many isometry types of simplices.
Section 4 reviews background on measured groupoids and their use in proving mea-
sure equivalence rigidity results.
In Section 5, we give a general axiomatic framework, involving an action of a group
G on a compact space and on a graph which plays the role of a curve graph for G, for
proving measure equivalence rigidity statements. Our framework recovers Kida’s work
about mapping class groups, and will turn out to be also suitable in the Artin group
setting.
In Section 6, we introduce the fixed set graph ΘΓ, and thoroughly study its vertex
and edge stabilizers in order to check the axiomatic framework from the previous section
in the context of 2-dimensional Artin groups of hyperbolic type.
Finally, in Section 7, we complete the proof of all our main theorems and their
applications to orbit equivalence rigidity, W ∗-rigidity, lattice embeddings and cocycle
superrigidity.
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1 Background on Artin groups of hyperbolic type
This section contains background material on 2-dimensional Artin groups of hyperbolic
type, including basic definitions, the definition by Charney and Davis of the modified
Deligne complex, and the definition by Martin and Przytycki of its coned-off version, a
CAT(−1) space on which the group is acting nonelementarily by isometries.
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1.1 Artin groups
Let Γ be a finite simple labeled graph, where every edge is labeled by an integer at least
equal to 2. We denote by V Γ the vertex set of Γ. The Artin group with defining labeled
graph Γ, denoted GΓ, is the group defined by the following presentation: it is generated
by V Γ, with one relation of the form
aba · · ·︸ ︷︷ ︸
m
= bab · · ·︸ ︷︷ ︸
m
for each a and b spanning an edge labeled by m. The elements in V Γ are called standard
generators of GΓ. For s, t ∈ V Γ, let mst be equal to either +∞ if s and t are not
connected by an edge in Γ, or to the label of the edge if s and t are connected by an
edge.
Remark 1.1. We warn the reader that two distinct labeled graphs Γ and Γ′ may define
isomorphic Artin groups GΓ and GΓ′ , see [Cri05, Theorem 1]. In this paper, when we
write “Let G = GΓ be an Artin group with defining graph Γ”, we assume that Γ is fixed
once and for all as part of the data.
Lemma 1.2 (van der Lek [vdL83, Theorem 4.13]). Let Γ be a finite simple labeled graph,
and let Γ′ ⊆ Γ be an induced subgraph – i.e. an edge of Γ is in Γ′ if its endpoints are in
Γ′, and Γ′ is equipped with the induced labeling of Γ.
Then the natural map GΓ′ → GΓ is injective.
By [CD95, Theorem B], an Artin group has cohomological dimension at most 2 if
for each triangle in Γ with sides labeled by m,n, r, we have 1m +
1
n +
1
r ≤ 1. Being of
finite cohomological dimension, these Artin groups are torsion-free. When we say that
an Artin group is 2-dimensional, we mean that its cohomological dimension is equal to
2.
1.2 The modified Deligne complex
The following definition is due to Charney and Davis [CD95].
Definition 1.3 (Modified Deligne complex). Let G = GΓ be a 2-dimensional Artin
group with defining labeled graph Γ. The modified Deligne complex DΓ is the geometric
realization of the poset (ordered by inclusion) of all subsets of GΓ of the form gGΓ′ , where
Γ′ is either the empty subgraph (in which case GΓ′ is the trivial subgroup), a vertex of
Γ, or an edge of Γ.
The rank of a vertex gGΓ′ is the number of vertices in Γ
′. It is clear that DΓ is
a 2–dimensional simplicial complex, and GΓ acts on DΓ without inversions, i.e. if an
element of GΓ preserves a simplex of DΓ, then it fixes the simplex pointwise. We endow
DΓ with a piecewise Euclidean metric such that each triangle
∆(g1, g2Gs, g3Gst)
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is a Euclidean triangle with angle π/2 at g2Gs and angle
π
2n at g3Gst with n being the
label of the edge st of Γ. By [CD95, Proposition 4.4.5], the complex DΓ is CAT(0) with
this metric. As was observed in [Cri05, Lemma 6], the GΓ-action on DΓ is semisimple,
i.e. every element g ∈ GΓ achieves its translation length |g|DΓ := infx∈DΓ d(x, g · x) at
some point of DΓ.
A 2-dimensional Artin group is of hyperbolic type if its modified Deligne complex
is Gromov-hyperbolic. By [Cri05, Lemma 5], an Artin group GΓ is a 2-dimensional
Artin group of hyperbolic type if and only if each induced 4-cycle (i.e. 4-cycle without
diagonals) in Γ has an edge with label at least 3 and for each triangle in Γ labeled by
m,n, r, we have 1m +
1
n +
1
r < 1.
1.3 Standard trees and the coned-off Deligne complex
Let G = GΓ be a 2-dimensional Artin group with underlying graph Γ. For every g ∈ G,
we denote by Fg the fixed point set of g with respect to the action of G on DΓ. When g
is conjugate to a standard generator, then Fg is a 1-dimensional convex subcomplex of
DΓ whose vertices are alternately rank 1 and rank 2 vertices of DΓ – hence Fg is a tree
which comes with a natural bipartite structure. We make the following definition.
Definition 1.4 (Standard tree). A standard tree is a subset of DΓ equal to Fg for some
element g ∈ G that is conjugate to a standard generator.
When g is conjugate to a standard generator which does not correspond to an isolated
vertex of Γ, then Fg has more than one point. The following definition is due to Martin
and Przytycki [MP19, Definition 4.7].
Definition 1.5 (Coned-off Deligne complex). Let G = GΓ be a 2-dimensional Artin
group of hyperbolic type with defining graph Γ. The coned-off Deligne complex D∗Γ is the
2-dimensional simplicial complex obtained by coning off simplicially each standard tree
in DΓ. More precisely, for each standard tree T , we associate an extra vertex vT , called
the cone vertex and attach the cone over T based at vT to DΓ along T .
By [MP19, Proposition 4.8], the coned-off Deligne complex can be equipped with a
CAT(−1) metric such that each 2-simplex is isometric to a convex geodesic triangle in
the hyperbolic plane and there are finitely many isometry types of simplices.
2 Geometry of spaces of negative curvature
In this section, we establish a few facts about the geometry of a CAT(−1) space X that
will be useful in later sections. The two main results are a construction of a canonical
map from the horoboundary of X to X ∪ ∂∞X, and a construction of a canonical map
that associates to every triple of pairwise distinct points of ∂∞X, a ‘barycenter’ in X.
(The latter one will only be used in the proof of the theorems on measure equivalence,
and not for boundary amenability.) Most technicalities in the present section come from
the necessity to check that these maps can be made Borel.
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2.1 Centers of bounded subsets in CAT(0) spaces
Let X be a complete CAT(0) metric space, and let B(X) be the space of all nonempty
bounded closed subsets ofX, equipped with the Hausdorff topology. Every set B ∈ B(X)
has a circumcenter, denoted by c(B), defined in the following way. The radius of B,
denoted by r(B), is the smallest r ≥ 0 such that B is contained in a closed ball of radius r.
The circumcenter of B, denoted by c(B), is then defined as the unique point x ∈ X such
that B is entirely contained in the closed ball B(x, r(B)), see [BH99, Proposition II.2.7].
Lemma 2.1. Let X be a complete CAT(0) space. For every R > 0 and every ε > 0,
there exists δ > 0 such that for every B ∈ B(X) of radius at most R and every c ∈ X,
if B is contained in the closed ball B(c, r(B) + δ), then d(c, c(B)) ≤ ε.
Proof. The proof is an adaptation of [BH99, Proposition II.2.7]. We let E2 be the
Euclidean plane, and fix O ∈ E2. For every r ∈ R∗+ and every δ > 0, we let A(r, δ) be
the closed δ-neighborhood of the circle of radius r centered at O in E2. We can (and
shall) choose δ > 0 such that for every r ≤ R, every segment contained in A(r, δ) has
length at most ε/2.
Let B ∈ B(X) be a closed bounded set of radius at most R, and let c ∈ X be such
that B ⊆ B(c, r(B)+ δ). For every x ∈ B, we let ∆x = ∆(O, cx, c(B)x) be a comparison
triangle to the geodesic triangle ∆(x, c, c(B)), and we let mx be the midpoint of the
side of ∆x opposite to O. Notice that for every x ∈ B, we have d(c, x) ≤ r(B) + δ and
d(c(B), x) ≤ r(B). This implies that mx ∈ BE2(O, r(B) + δ).
We claim that there exists x ∈ B such that mx belongs to A(r(B), δ). Indeed,
otherwise, for every x ∈ B, we have dE2(O,mx) ≤ r(B) − δ. Let m be the midpoint of
the geodesic segment from c to c(B) in X. By CAT(0) comparison, for every x ∈ B, we
have d(x,m) ≤ dE2(O,mx) whence B ⊆ B(m, r(B)− δ). This contradicts the definition
of r(B), thus showing our claim.
We now fix x ∈ B as given by the above paragraph. Then the side of ∆x opposite to
O is at least half-contained in A(r(B), δ), so our choice of δ ensures that it has length
at most ε. This implies that d(c, c(B)) ≤ ε.
Lemma 2.2. Let X be a complete CAT(0) space. Let B be a countable nonempty closed
bounded subset of X, and let (Bn)n∈N be an increasing sequence of nonempty finite
subsets of B such that B = ∪nBn.
Then (r(Bn))n∈N converges to r(B) and (c(Bn))n∈N converges to c(B).
Proof. The sequence (r(Bn))n∈N is a non-decreasing sequence which is bounded from
above by r(B), so it converges to some r∞ > 0, with r(B) ≥ r∞.
We claim that the sequence (c(Bn))n∈N is a Cauchy sequence. Indeed, let ε > 0.
Let δ > 0 be given by Lemma 2.1 (for R = r(B) and ε), and let n0 ∈ N be such
that |r∞ − r(Bn0)| < δ. Let n,m ≥ n0, with m ≥ n. The set Bn is contained in
Bm, and therefore it is contained in B(c(Bm), r(Bn) + δ). Lemma 2.1 thus implies that
d(c(Bn), c(Bm)) ≤ ε. This shows that the sequence (c(Bn))n∈N is Cauchy, and as X is
complete it converges to a point c∞ ∈ X.
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We will now prove that for every δ′ > 0, the set B is contained in B(c∞, r∞ + δ
′);
the conclusion will then follow from Lemma 2.1. Indeed, let n0 ∈ N be such that
for all n ≥ n0, we have d(c∞, c(Bn)) ≤ δ
′. Then for every n ≥ n0, we have Bn ⊆
B(c∞, r(Bn) + δ
′) ⊆ B(c∞, r∞ + δ
′). As B is the closure of the union of all the Bn, the
conclusion follows.
2.2 Horofunction compactification of a CAT(−1) space
Let X be a separable metric space, and let x0 ∈ X be a basepoint. We denote by C(X,R)
the space of all real-valued continuous functions on X, equipped with the topology of
convergence on compact subsets of X. The map
X → C(X,R)
x 7→ (z 7→ d(z, x) − d(x0, x))
is a topological embedding, see e.g. [MT18, Lemma 3.2]. The closure X
h
of the image
of this embedding is called the horofunction compactification of X, and it is compact
and metrizable [MT18, Proposition 3.1]. If G is a group of isometries of X, then the
G-action extends to a continuous action by homeomorphisms on X
h
by letting g ·h(x) :=
h(g−1x)− h(g−1x0), see [MT18, Lemma 3.4].
The goal of the present section is to establish the following statement, which es-
sentially follows from earlier work of Maher and Tiozzo [MT18, Section 3.2], with the
additional use of CAT(−1) geometry to associate a center to every bounded subset of
X.
Proposition 2.3. Let X be a complete separable CAT(−1) space, and let G be a count-
able group acting discretely on X by isometries. Then there exists a Borel G-invariant
partition X
h
= X
h
bdd ⊔ X
h
∞ coming with G-equivariant Borel maps X
h
bdd → X and
X
h
∞ → ∂∞X.
Proof. Let x0 ∈ X be a basepoint. Let X
h
bdd (resp. X
h
∞) be the subspace of X
h
made of
all horofunctions which are bounded (resp. unbounded) from below. Let D := G · x0 be
the orbit of x0: this is a countable G-invariant discrete subset of X. Since D is countable,
the map
X
h
→ R ∪ {−∞}
h 7→ inf
d∈D
h(d)
is Borel. In particular X
h
bdd and X
h
∞ are Borel subsets of X
h
.
By [MT18, Proposition 3.14], there exists a G-equivariant continuous (whence Borel)
map X
h
∞ → ∂∞X. We are thus left building a G-equivariant Borel map X
h
bdd → X.
Let Pf (D) be the countable set of all finite subsets of D, equipped with the discrete
topology. Let {di}i∈N be an enumeration of D. For every n ∈ N, let αn : X
h
bdd → Pf (D)
be the map which associates to every h ∈ X
h
bdd the finite (possibly empty) set made of
all d ∈ {d1, . . . , dn} satisfying h(d) ≤ infd′∈D h(d
′) + 1.
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We claim that for every n ∈ N, the map αn is Borel. Indeed, to check this, it is
enough to notice that for every d in the countable set D, the subset Kn,d ⊆ X
h
bdd made
of all horofunctions h such that d ∈ αn(h) is Borel. If d /∈ {d1, . . . , dn}, then this subset
is empty so the conclusion is obvious. If d ∈ {d1, . . . , dn}, then h ∈ Kn,d if and only if
h(d) ≤ infd′∈D h(d
′) + 1. As the maps h 7→ h(d) and h 7→ infd′∈D h(d
′) are Borel, the
conclusion follows.
For every h ∈ X
h
bdd, let α∞(h) be the set of all d ∈ D such that h(d) ≤ infD h + 1.
Equivalently α∞(h) is equal to the increasing union of all αn(h) as n ranges over N.
For every h ∈ X
h
bdd, the set α∞(h) is a nonempty closed subset of X, and by [MT18,
Lemma 3.13] it has bounded diameter.
Now, for every n ∈ N, let θn : X
h
bdd → X be the Borel map defined by letting
θn(h) := c(αn(h)) if αn(h) 6= ∅, and θn(h) = x0 otherwise. It follows from Lemma 2.2
that for every h ∈ X
h
bdd, the points θn(h) converge to a point θ(h), with θ(h) = c(α∞(h)).
In particular θ can be viewed as a map X
h
bdd → X which is Borel, being a pointwise limit
of Borel maps. In addition, it is G-equivariant in view of the definition of the G-action
on the space of horofunctions and the fact that D is G-invariant.
2.3 A barycenter map
We denote by (∂∞X)
(3) the subspace of (∂∞X)
3 made of pairwise distinct triples.
Proposition 2.4. Let X be a separable CAT(−1) space, and let G be a countable group
acting on X by isometries.
Then there exists a G-equivariant Borel map (∂∞X)
(3) → X.
Proof. Since X is CAT(−1), we can find
1. a constantK1 > 0 such that for every triple (ξ1, ξ2, ξ3) of pairwise distinct boundary
points, denoting by B(ξ1, ξ2, ξ3) the set of all points x ∈ X such that for every
i ∈ {1, 2, 3}, the point x is at distance at most K1 from a point on the geodesic
from ξi to ξi+1 (with indices taken modulo 3), the set B(ξ1, ξ2, ξ3) is nonempty and
of bounded diameter;
2. a constant K2 > 0 such that for every triple (x, y, z) ∈ X
3, if d(x, y) + d(y, z) ≤
d(x, z) + 1, then y lies at distance at most K2 from the geodesic from x to z.
The space X ∪ ∂∞X is metrizable [Va¨05, Section 5]; we let dX∪∂∞X be a distance
on X ∪ ∂∞X which is compatible with the topology. Let XQ be a dense countable G-
invariant subset of X, let Pf (XQ) be the countable collection of all finite subsets of XQ
(including the empty set), endowed with the discrete topology, and let {xi}i∈N be an
enumeration of XQ.
For every n ∈ N, let αn : (∂∞X)
(3) → Pf (XQ) be the map that sends (ξ1, ξ2, ξ3)
to the set of all x ∈ {x1, . . . , xn} such that for every k ∈ N, there exists a tuple
(y1, y2, y3, x23, x31) ∈ X
5
Q such that, letting x12 = x, the following three facts hold:
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Figure 1: Proof of the existence of the barycenter map.
1. for every i ∈ {1, 2, 3}, we have dX∪∂∞X(yi, ξi) ≤
1
k , and
2. for every i ∈ {1, 2, 3} (taken modulo 3), we have d(yi, xi,i+1) + d(xi,i+1, yi+1) ≤
d(yi, yi+1) + 1, and
3. for every i, j ∈ {1, 2, 3} (taken modulo 3), we have d(xi,i+1, xj,j+1) ≤ 2K1 + 1.
As αn(ξ1, ξ2, ξ2) is defined by using continuous functions, for a given x ∈ XQ, the
subset Kx,n made of elements of (∂∞X)
(3) whose αn-image contains x is Borel. As
Pf (XQ) is countable, each αn is Borel.
We claim that for every (ξ1, ξ2, ξ3) ∈ (∂∞X)
(3), there exists n ∈ N such that
αn(ξ1, ξ2, ξ3) is nonempty – the argument is illustrated in Figure 1. Indeed, by definition
of the constant K1, we can find a point z ∈ X such that for every i ∈ {1, 2, 3}, there
exists a point x′i,i+1 on the geodesic joining ξi to ξi+1 with d(z, x
′
i,i+1) ≤ K1. Since XQ is
dense, for every i ∈ {1, 2, 3}, we can find a point xi,i+1 ∈ XQ with d(xi,i+1, x
′
i,i+1) ≤
1
6 .
Let now n ∈ N be such that x1,2 ∈ {x1, . . . , xn}; we will check that αn(ξ1, ξ2, ξ3) 6= ∅.
Let k ∈ N. For every i ∈ {1, 2, 3}, we can find a point yi ∈ XQ with dX∪∂∞X(yi, ξi) ≤
1
k
and lying at distance at most 16 (in X) both from a point y
′
i,i−1 on the geodesic from ξi
to ξi−1 and from a point y
′
i,i+1 on the geodesic from ξi to ξi+1, so that x
′
i,i+1 lies on the
geodesic segment joining y′i+1,i to y
′
i,i+1. It follows that
d(yi, xi,i+1) + d(xi,i+1, yi+1) ≤ d(yi, y
′
i,i+1) + d(y
′
i,i+1, x
′
i,i+1) + 2d(x
′
i,i+1, xi,i+1)
+d(x′i,i+1, y
′
i+1,i) + d(y
′
i+1,i, yi+1)
≤ d(y′i,i+1, y
′
i+1,i) +
4
6
≤ d(yi, yi+1) + 1.
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Finally, for every i, j ∈ {1, 2, 3}, we have d(xi,i+1, xj,j+1) ≤ 2K1+
1
3 . This concludes the
proof of our claim.
For every (ξ1, ξ2, ξ3) ∈ (∂∞X)
(3), we let α∞(ξ1, ξ2, ξ3) be the closure of the increasing
union of all αn(ξ1, ξ2, ξ3) as n ranges over N. This is a nonempty closed subset of X of
bounded diameter.
For every n ∈ N, we then let θn : (∂∞X)
(3) → X be the map that sends (ξ1, ξ2, ξ3)
to the circumcenter of the finite set αn(ξ1, ξ2, ξ3) if this set is nonempty, and to a
fixed basepoint x0 ∈ X otherwise. This map is Borel as it is a composition of a
Borel map and a continuous map (the map c : Pf (XQ) → X is continuous because
Pf (XQ) is equipped with the discrete topology). Lemma 2.2 ensures that for every
triple (ξ1, ξ2, ξ3) ∈ (∂∞X)
(3), the points θn(ξ1, ξ2, ξ3) converge to a point θ(ξ1, ξ2, ξ3)
(equal to the circumcenter of α∞(ξ1, ξ2, ξ3)). The map θ : (∂∞X)
(3) → X is then Borel,
being a pointwise limit of Borel maps.
Finally, using the G-invariance of XQ and the fact that the G-action by isometries
on X extends continuously to a G-action on X ∪ ∂∞X, we see that all maps αn are G-
equivariant. Therefore all maps θn are G-equivariant, and in the limit θ is G-equivariant.
3 Boundary amenability, piecewise hyperbolic complexes
In this section, we prove that every countable group G acting discretely by isometries on
a connected piecewise hyperbolic CAT(−1) simplicial complex X with countably many
simplices that belong to finitely many isometry types, and boundary amenable vertex
stabilizers, is boundary amenable. This will be applied in Section 7 to show that all 2-
dimensional Artin groups of hyperbolic type are boundary amenable (they act on their
coned-off Deligne complex). Also, we show that, under the assumption that all edge sta-
bilizers in X are amenable, the action of a group G as above on the visual boundary ∂∞X
is Borel amenable: this will be useful in later sections to tackle the measure equivalence
rigidity questions.
3.1 Piecewise hyperbolic simplicial complexes
We recall the definition of a piecewise hyperbolic simplicial complex from [BH99, Defini-
tion I.7.2]. Let H2 be the hyperbolic plane. Let Λ be a set; for every λ ∈ Λ, let nλ ∈ N,
and let Sλ be a closed geodesic simplex in (H
2)nλ . Let
X :=
⋃
λ∈Λ
(Sλ × {λ}),
let ∼ be an equivalence relation on X, and let K := X/∼. Let p : X → K be the natural
projection, and for every λ ∈ Λ, let pλ : Sλ → K be defined by letting pλ(x) := p(x, λ) for
every x ∈ Sλ. Following [BH99, Definition I.7.2], we say that K is a piecewise hyperbolic
simplicial complex if
1. for every λ ∈ Λ, the map pλ is injective, and
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2. for every λ, λ′ ∈ Λ such that pλ(Sλ) ∩ pλ′(Sλ′) 6= ∅, there exists an isometry hλ,λ′
from a face Tλ of Sλ onto a face Tλ′ of Sλ′ such that for every x ∈ Sλ and every
x′ ∈ Sλ′ , one has p(x, λ) = p(x
′, λ′) if and only if x ∈ Tλ, x
′ ∈ Tλ′ and x
′ = hλ,λ′(x).
Every piecewise hyperbolic simplicial complex naturally comes equipped with a pseudo-
metric, where the distance between two points x and y is defined as the infimum of the
total length of a concatenation of geodesic segments from x to y, each of these segments
being contained in a simplex, see [BH99, Definition I.7.4]. When K is connected and
has finitely many isometry types of simplices, this pseudometric is in fact a metric that
turns K into a complete geodesic metric space [BH99, Theorem I.7.19].
3.2 Statements
Let G be a countable group acting on a Borel space X by Borel automorphisms. The G-
action on X is Borel amenable if there exists a sequence of Borel maps νn : X → Prob(G)
which is asymptotically equivariant, i.e. such that for all x ∈ X and all g ∈ G, one has
||νn(gx)− g · νn(x)||1 → 0 as n goes to +∞. A countable group G is boundary amenable
(or exact) if it admits a Borel amenable action on some compact Hausdorff topological
space (equipped with its Borel σ-algebra). The goal of the present section is to prove
Theorems 3.1 and 3.2 below.
Theorem 3.1. Let X be a connected piecewise hyperbolic CAT(−1) simplicial complex
with countably many simplices that belong to finitely many isometry types. Let G be a
countable group acting discretely on X by isometries. Assume that all vertex stabilizers
are boundary amenable.
Then G is boundary amenable.
This implies in particular that G satisfies the Novikov conjecture [Yu00, HR00,
Hig00]. As will be established in Theorem 7.1, this applies to all 2-dimensional Artin
groups of hyperbolic type, which act on their coned-off Deligne complex.
We believe that Theorem 3.1 and its application to Artin groups are of independent
interest, but we will not use them in the remainder of the present paper. However, we
will need the following theorem, which will follow from the same argument – but none
of the two theorems seems to follow from the other, and in particular we point out that
the space ∂∞X need not be compact in Theorem 3.2 below.
Theorem 3.2. Let X be a connected piecewise hyperbolic CAT(−1) simplicial complex
with countably many simplices that belong to finitely many isometry types. Let G be a
countable group acting discretely on X by isometries. Assume that all edge stabilizers
are amenable.
Then the G-action on ∂∞X is Borel amenable.
Once again, this applies to the case of 2-dimensional Artin groups of hyperbolic type,
as will be established in Theorem 7.2.
Given a simplicial complex X, we denote by S≥1(X) the collection of all simplices
of X of dimension at least 1 (i.e. excluding vertices). Using an argument due to Ozawa
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[Oza06b, Proposition 11], we will see that Theorems 3.1 and 3.2 are consequences of the
following proposition.
Proposition 3.3. Let X be a connected piecewise hyperbolic CAT(−1) simplicial com-
plex with countably many simplices that belong to finitely many isometry types. Let G be
a countable group acting discretely on X by isometries.
Then there exists an asymptotically equivariant sequence of Borel maps ∂∞X →
Prob(S≥1(X)).
Before moving on to the proof of Proposition 3.3, we first explain how to derive
Theorems 3.1 and 3.2.
Proof of Theorem 3.1. Recall that X
h
denotes the horofunction compactification of X.
As X is a complete metric space [BH99, Theorem I.7.19], Proposition 2.3 yields a Borel
G-equivariant map X
h
→ X ∪ ∂∞X. Denote by S(X) the countable collection of all
simplices of X. Then there is a Borel G-equivariant map X → Prob(S(X)), sending a
point x to the Dirac measure at the unique simplex of minimal dimension that contains
x. Also, Proposition 3.3 yields an asymptotically equivariant sequence of Borel maps
∂∞X → Prob(S(X)). Combining the above maps, we get an asymptotically equivariant
sequence of Borel maps νn : X
h
→ Prob(S(X)).
By assumption, the G-stabilizer of every vertex of X is boundary amenable. As
boundary amenability is stable under subgroups (as follows from [Oza06b, Proposi-
tion 11]), we deduce that theG-stabilizer of every element of S(X) is boundary amenable.
As X
h
is compact Hausdorff and S(X) is countable, it thus follows from [Kid08, Propo-
sition C.1] (attributed to Ozawa) that G is boundary amenable.
Proof of Theorem 3.2. Our assumption that edge stabilizers are amenable implies that
the stabilizer of every element of S≥1(X) is amenable. As S≥1(X) is countable, The-
orem 3.2 thus follows from Proposition 3.3 together with [BGH17, Proposition 2.11]
(which is a consequence of [Oza06b, Proposition 11]).
3.3 Construction of the measures
The rest of the section is devoted to the proof of Proposition 3.3. From now on, we
let X be a connected piecewise hyperbolic CAT(−1) simplicial complex with countably
many simplices that belong to finitely many isometry types, and G be a countable group
acting discretely by isometries on X.
Cornered simplices. By [BH99, Corollary I.7.29], for every x0 ∈ X, every geodesic
ray r from x0 to a point ξ ∈ ∂∞X and every t ∈ R+, the image of r|[0,t] only meets finitely
many simplices of X in their interior. Denote by Pf (S
≥1(X)) the set of all finite subsets
of S≥1(X). For every x0 ∈ X and every n ∈ N, we let Σ
′
n,x0 : ∂∞X → Pf (S
≥1(X)) be
the map that sends ξ ∈ ∂∞X to the set of all simplices that meet the image of r|[0,n]
in their interior, where r is the geodesic ray from x0 to ξ. We then let Σn,x0 : ∂∞X →
20
Pf (S
≥1(X)) be the map defined by letting Σn,x0(ξ) be the set of all simplices in Σ
′
n,x0(ξ)
together with all their faces in S≥1(X).
Let r be a geodesic ray in X, let σ be a simplex of X, and let ε > 0. We say that
σ is ε-cornered by r if the image of r intersects σ in a nonempty set contained in the
ε-ball around some vertex of σ.
Lemma 3.4. There exist ε0 > 0 and p0 ∈ [0, 1) such that for every x0 ∈ X, every
ξ ∈ ∂∞X and every n ∈ N, the proportion of simplices in Σ
′
n,x0(ξ) which are ε0-cornered
by the geodesic ray from x0 to ξ is at most p0.
Proof. Let x0 ∈ X and ξ ∈ ∂∞X, and let r be the geodesic ray from x0 to ξ. For every
n ∈ N, we denote by αn the cardinality of Σ
′
n,x0(ξ). By [BH99, Corollary I.7.30], there
exists C > 0 – which only depends on X and not on x0 and ξ – such that for every
n ∈ N, one has αn ≤ Cn. Let ε0 > 0 be chosen so that 2ε0C < 1. For every n ∈ N, let
κn be the proportion of simplices in Σ
′
n,x0(ξ) that are ε0-cornered by r – so that there
are κnαn such simplices. We aim to show that κn is uniformly bounded away from 1 –
with a bound independent on n and on x0 and ξ.
Let M > 0 be large enough so that CM > 1 and every simplex in X has diameter
smaller than M . By decomposing the length n of r|[0,n] into the total length spent in
ε0-cornered simplices and the total length spent in other simplices, we get
n ≤ 2ε0κnαn +M(1− κn)αn,
i.e. n ≤ αn[M − κn(M − 2ε0)]. On the other hand, as αn ≤ Cn, we get
1 ≤ CM − Cκn(M − 2ε0).
This leads to
κn ≤
CM − 1
CM − 2Cε0
,
which is strictly smaller than 1 by our choice of ε0 – and the bound only depends on X,
as desired.
We will now fix ε0 > 0 as in Lemma 3.4 once and for all, which we choose sufficiently
small so that for every simplex σ in S(X), the balls of radius ε0 around the vertices of
σ are pairwise disjoint in σ.
Cubical decompositions and pieces. Let σ be a simplex of X. The following
notions are illustrated in Figure 2 in the case where σ has dimension 2.
A cubical subdivision of σ is a decomposition of σ as a cube complex whose vertices
are the barycenters of σ and of its faces, for which there is an edge e between vertices
corresponding to faces σ1 and σ2 precisely when σ1 is codimension 1 in σ2; this edge e is
then homeomorphic to a segment contained in σ2 which meets σ1 only at its extremity.
Notice that a cubical subdivision of σ naturally induces a cubical subdivision of each of
its faces.
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A cubical subdivision
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A cubical decomposition
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Figure 2: Cubical subdivisions, cubical decompositions and pieces.
In an analogous way, one can define a cubical subdivision of a cube instead of a
simplex. A cubical decomposition of σ is then a decomposition of σ as a cube com-
plex obtained from a cubical subdivision of σ by cubically subdividing each n-cube into
2n subcubes. As above, every cubical decomposition of σ naturally induces a cubical
decomposition of each of its faces.
Given a simplex σ′ which is either equal to σ or to a face of σ, and a cubical decompo-
sition of σ, the piece Pσ′,σ is the star of the barycenter of σ
′ in the cubical decomposition.
We now equip each simplex of X with a cubical decomposition, in such a way that
1. if σ ⊆ σ′, then the decomposition of σ is induced from the decomposition of σ′;
2. if σ1 and σ2 are isometric simplices in X, then any isometry between them respects
their cubical decompositions;
3. the piece in σ associated with a vertex v of σ is contained in the ε0-neighborhood
of v.
Given a simplex σ ∈ S≥1(X), we denote by st(σ) the star of σ, defined as the union
of σ and of all simplices in X that contain σ as a face. We define the interior of st(σ),
denoted by s˚t(σ), to be the collection of points x in st(σ) such that the smallest simplex
σx containing x satisfies σ ⊆ σx. Equivalently, a point x ∈ X belongs to s˚t(σ) if and
only if x belongs to the interior of a simplex which is either equal to σ or contains σ as
a face.
Weight functions. Let w0 > 0 be chosen once and for all. For every simplex σ ∈
S≥1(X), we choose a function fσ : X → R≥0, in such a way that
1. fσ(x) > 0 for every x lying in the interior of st(σ), and fσ(x) = 0 for every x lying
outside of st(σ);
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2. for every simplex σ′ that contains σ as a face, and every x ∈ Pσ,σ′ , we have
fσ(x) ≥ w0;
3. there exists M > 0 such that every function fσ is bounded from above by M , and
there exists L0 > 0 such that every function fσ is L0-Lipschitz;
4. for every g ∈ G, every σ ∈ S≥1(X) and every x ∈ X, one has fgσ(gx) = fσ(x).
Notice that the reason why we can choose a uniform L0 in (3) is because X has
finitely many isometry types of simplices.
Definition 3.5 (Weight function). Let x0 ∈ X, let σ ∈ S
≥1(X). The weight function
of σ based at x0 is the function wσ,x0 : ∂∞X → R≥0 defined by letting wσ,x0(ξ) be the
maximal value of fσ(x) when x varies over all points lying on the image of the geodesic
ray from x0 to ξ.
Notice that the functions wσ,x0 all take finite (in fact bounded) values because the
functions fσ are bounded by assumption. In addition, for every g ∈ G, every x0 ∈ X,
every σ ∈ S≥1(X) and every ξ ∈ ∂∞X, one has wgσ,gx0(gξ) = wσ,x0(ξ).
Lemma 3.6. There exists p > 0 such that for every x0 ∈ X, every ξ ∈ ∂∞X and every
n ∈ N, the proportion of simplices σ in Σn,x0(ξ) with wσ,x0(ξ) ≥ w0 is at least p.
Proof. Recall that ε0 > 0 has been chosen as in Lemma 3.4, and such that for every
simplex σ in S(X), the balls of radius ε0 around the vertices of σ are pairwise disjoint.
In view of Lemma 3.4, it is enough to show that for every x0 ∈ X and every ξ ∈ ∂∞X,
denoting by r the geodesic ray from x0 to ξ, for every simplex σ
′ which meets r in its
interior and is not ε0-cornered by r, there exists a simplex σ which is either equal to σ
′
or to a face of σ′ such that wσ,x0(ξ) ≥ w0. Let x be a point on the image of r which is
outside the ε0-neighborhood of every vertex of σ
′. Then there exists a simplex σ, either
equal to σ′ or to a face of σ′, such that the piece Pσ,σ′ contains x. Thus fσ(x) ≥ w0 by
the definition of fσ. Hence wσ,x0(ξ) ≥ w0.
Definition of the measures. For every x0 ∈ X, every n ∈ N, and every ξ ∈ ∂∞X,
we let
Υn,x0(ξ) :=
∑
σ∈S≥1(X)
1Σn,x0 (ξ)
(σ)wσ,x0(ξ).
We then define maps νn,x0 : ∂∞X → Prob(S
≥1(X)) by letting
νn,x0(ξ) :=
1
Υn,x0(ξ)

 ∑
σ∈S≥1(X)
1Σn,x0 (ξ)
(σ)wσ,x0(ξ)δσ

 ,
where δσ denotes the Dirac mass at σ. Notice that for every g ∈ G, every x0 ∈ X, every
n ∈ N and every ξ ∈ ∂∞X, one has Υn,gx0(gξ) = Υn,x0(ξ) and νn,gx0(gξ) = gνn,x0(ξ).
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3.4 The key estimate
In this section, we establish the key estimate regarding the measures νn,x defined above
for our proof of Proposition 3.3: this is Lemma 3.8 below. We start with a general lemma
for comparing probability measures.
Lemma 3.7. Let D be a countable set. Let ε ∈ (0, 1). For every n ∈ N, let An ⊆ D be
a finite subset, let αn, α
′
n : An → R+ be two functions, let
Υn :=
∑
σ∈An
αn(σ), Υ
′
n :=
∑
σ∈An
α′n(σ),
and let νn and ν
′
n be the probability measures on D defined by
νn :=
1
Υn
∑
σ∈An
αn(σ)δσ , ν
′
n :=
1
Υ′n
∑
σ∈An
α′n(σ)δσ .
Assume that there exist K > 0 and M > 0 such that
1. for every n ∈ N and every σ ∈ An, one has αn(σ) ≤M and α
′
n(σ) ≤M ;
2. for every n ∈ N, one has Υn ≥ K|An| and Υ
′
n ≥ K|An|, and |An| → +∞;
3. the exists m ∈ N such that for every n ∈ N and all but at most m elements σ ∈ An,
one has |αn(σ)− α
′
n(σ)| ≤ min{
K
3 ,
K2
6M }ε.
Then for all sufficiently large n ∈ N, one has ||νn − ν
′
n||1 ≤ ε.
Proof. Let C := min{K3 ,
K2
6M }. We first claim that for all sufficiently large n ∈ N, one
has ∣∣∣∣Υ′nΥn − 1
∣∣∣∣ ≤ 2CK ε.
Indeed, for every n ∈ N, let A∗n ⊆ An be the subset made of all σ ∈ An such that
|αn(σ) − α
′
n(σ)| ≤ Cε. By assumption, for every n ∈ N, the set An \ A
∗
n has cardinality
at most m. For every n ∈ N, we have
|Υ′n −Υn| ≤

∑
σ∈A∗n
|αn(σ)− α
′
n(σ)|

 + 2mM ≤ Cε|A∗n|+ 2mM,
so ∣∣∣∣Υ′nΥn − 1
∣∣∣∣ ≤ CKε+ 2mMΥn .
Since by assumption Υn tends to +∞ as n goes to +∞, the claim follows.
For every n ∈ N, we then have
||νn − ν
′
n||1 ≤
1
Υn
(∑
σ∈An
∣∣∣∣αn(σ)− ΥnΥ′nα′n(σ)
∣∣∣∣
)
.
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Since for all sufficiently large n the ratio ΥnΥ′n
is at most 3, we deduce that for all sufficiently
large n ∈ N, one has
||ν ′n − νn||1 ≤
1
Υn



∑
σ∈A∗n
∣∣∣∣αn(σ)− ΥnΥ′nα′n(σ)
∣∣∣∣

+ 4mM

 .
For every n ∈ N and every σ ∈ A∗n, we have∣∣∣∣αn(σ)− ΥnΥ′nα′n(σ)
∣∣∣∣ ≤ |αn(σ) − α′n(σ)|+
∣∣∣∣ΥnΥ′n − 1
∣∣∣∣α′n(σ) ≤
(
C +
2CM
K
)
ε.
Therefore
||νn−ν
′
n||1 ≤
1
Υn
(
C +
2CM
K
)
ε|A∗n|+
4mM
Υn
≤
(
C
K
+
2CM
K2
)
ε+
4mM
Υn
≤
2
3
ε+
4mM
Υn
.
The lemma follows.
The following lemma is the key estimate in our proof of Proposition 3.3.
Lemma 3.8. For every x1, x2 ∈ X and every ξ ∈ ∂∞X, one has
||νn,x1(ξ)− νn,x2(ξ)||1 → 0
as n goes to +∞.
Proof. We fix x1, x2 and ξ once and for all. Let ε > 0. Using the criterion from
Lemma 3.7, we aim to prove that for every sufficiently large n ∈ N, we have
||νn,x1(ξ)− νn,x2(ξ)||1 ≤ ε.
Using [BH99, Corollary I.7.30], we can (and shall) choose C ≥ 1 such that for every
n ∈ N, one has
1
C
|Σn,x1(ξ)| ≤ |Σn,x2(ξ)| ≤ C|Σn,x1(ξ)|,
and these quantities all tend to +∞ as n goes to +∞. Let L0 > 0 be such that for
every simplex σ, the function fσ is L0-Lipschitz. Let M be a global upper bound to all
functions fσ. Let p > 0 be the number provided by Lemma 3.6, and let K :=
pw0
C+1 . Fix
ε′ ∈ (0, 1) with ε′ < 1L0 min{
K
3 ,
K2
6M }ε.
For every i ∈ {1, 2}, let ri be the geodesic ray from xi to ξ. Since X is CAT(−1),
there exist t0 ∈ R+ and τ ∈ R such that for every t ≥ t0, one has d(r1(t), r2(t+ τ)) ≤ ε
′.
Up to reversing the roles of x1 and x2, we can (and shall) assume that τ ≥ 0. Let D be
the maximal diameter of a simplex in X (this exists and it is finite as X has only finitely
many isometry types of simplices). For every n ≥ t0 + τ + 3D + 1, we let
Σ∗n,x1(ξ) := {σ ∈ Σn,x1(ξ)|s˚t(σ) ∩ r1(R+) ⊆ r1([t0, n− τ − (3D + 1)])}
and
Σ∗n,x2(ξ) := {σ ∈ Σn,x2(ξ)|s˚t(σ) ∩ r2(R+) ⊆ r2([t0 + τ, n− (3D + 1)])}.
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Claim 1. There exists m ≥ 0 such that for every i ∈ {1, 2} and every n ≥ t0+τ+3D+1,
one has |Σn,xi(ξ) \Σ
∗
n,xi(ξ)| ≤ m.
Proof of Claim 1. We will prove the claim for i = 1, the proof for i = 2 being similar.
As every simplex of X has diameter at most D, the geodesic ray r1 cannot meet the star
of a simplex σ both before time n−3D and after time n. Consequently, if σ ∈ Σn,x1(ξ)\
Σ∗n,x1(ξ), then st(σ) meets either r1([0, t0]) or r1([n−τ− (3D+1), n]). In addition, using
[BH99, Corollary I.7.30], the number of simplices σ such that s˚t(σ) meets r1([0, t0]) is
finite, and the number of simplices σ such that s˚t(σ) meets r1([n − τ − (3D + 1), n]) is
bounded, with a bound independent of n. The claim follows.
Claim 2. For every n ∈ N and every i ∈ {1, 2}, we have Υn,xi(ξ) ≥ K|Σn,x1(ξ) ∪
Σn,x2(ξ)|.
Proof of Claim 2. By Lemma 3.6, for every n ∈ N and every i ∈ {1, 2}, we have
Υn,xi(ξ) ≥ pw0|Σn,xi(ξ)|. The conclusion follows because for every i ∈ {1, 2}, we have
|Σn,x1(ξ) ∪ Σn,x2(ξ)| ≤ (C + 1)|Σn,xi(ξ)|.
Claim 3. For every n ≥ t0 + τ + 3D + 1 and every σ ∈ Σ
∗
n,x1(ξ) ∩ Σ
∗
n,x2(ξ), one has
|wσ,x1(ξ)− wσ,x2(ξ)| ≤ min{
K
3 ,
K2
6M }ε.
Proof of Claim 3. Let xσ be a point on the image of r1 at which the function fσ attains
its maximum. Then xσ ∈ s˚t(σ). As σ belongs to Σ
∗
n,x1(ξ), we have xσ ∈ r1([t0,+∞)).
Then there exists a point yσ on the image of r2 at distance at most ε
′ from xσ. Thus
wσ,x1(ξ) = fσ(xσ) ≤ fσ(yσ) + L0ε
′ ≤ wσ,x2(ξ) + L0ε
′.
Reversing the roles of x1 and x2 shows that |wσ,x1(ξ)−wσ,x2(ξ)| ≤ L0ε
′, which concludes
the proof of the claim.
Claim 4. For every n ≥ t0 + τ + 3D + 1 and every σ ∈ Σ∗n,x1(ξ) \ Σn,x2(ξ), one has
wσ,x2(ξ) = 0 and wσ,x1(ξ) ≤ min{
K
3 ,
K2
6M }ε. Likewise, for every n ≥ t0 + τ +3D+1 and
every σ ∈ Σ∗n,x2(ξ) \Σn,x1(ξ), one has wσ,x1(ξ) = 0 and wσ,x2(ξ) ≤ min{
K
3 ,
K2
6M }ε.
Proof of Claim 4. We will only prove the first assertion, the proof of the second being
similar. Let σ ∈ Σ∗n,x1(ξ) \Σn,x2(ξ). Let Σ∞,x2(ξ) denote the set of all σ ∈ S
≥1(X) that
appear as faces of simplices traversed in their interior by the ray r2 (equivalently, this is
the union over all n ∈ N of the sets Σn,x2(ξ)).
We first claim that σ /∈ Σ∞,x2(ξ). Indeed, assume towards a contradiction that
σ ∈ Σ∞,x2(ξ). This implies that there exists t ∈ R+ such that σ is a face of a simplex
containing r2(t). In particular d(r2(t), σ) ≤ D, where we recall that D is the maximal
diameter of a simplex in X. On the other hand, as σ ∈ Σ∗n,x1(ξ), there exists t
′ ∈ [t0, n−
τ − (3D + 1)] such that d(r1(t
′), σ) ≤ D, which implies that d(r2(t
′ + τ), σ) ≤ D + ε′ ≤
D + 1. Since σ has diameter at most D, we deduce that d(r2(t), r2(t
′ + τ)) ≤ 3D + 1.
As r2 is a geodesic ray, we thus get that t ≤ t
′ + τ + 3D + 1 ≤ n. This shows that
σ ∈ Σn,x2(ξ), a contradiction.
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We can now conclude the proof of Claim 4. As σ /∈ Σ∞,x2(ξ), we have fσ(r2(t)) = 0
for every t ∈ R+, which implies that wσ,x2(ξ) = 0. In addition, let x be a point lying
on the image of r1 at which the function fσ achieves its maximum. As σ ∈ Σ
∗
n,x1(ξ), we
have x ∈ r1([t0,+∞)). Therefore, there exists a point y on the image of r2 at distance
at most ε′ from x. As fσ(y) = 0 and fσ is L0-Lipschitz, we deduce that fσ(x) ≤ L0ε
′.
Thus wσ,x1(ξ) ≤ L0ε
′ ≤ min{K3 ,
K2
6M }ε.
We are now in position to apply the criterion provided by Lemma 3.7 to the measures
νn,x1(ξ) and νn,x2(ξ). For every n ∈ N, let An := Σn,x1(ξ) ∪ Σn,x2(ξ). For every σ ∈ An,
let
αn(σ) :=
{
wσ,x1(ξ) if σ ∈ Σn,x1(ξ)
0 otherwise
α′n(σ) :=
{
wσ,x2(ξ) if σ ∈ Σn,x2(ξ)
0 otherwise
These are all bounded by M , showing that the first assumption from Lemma 3.7 holds.
The second assumption has been checked in Claim 2. To check the third assumption
from Lemma 3.7, notice that for every n ∈ N, one has
An ⊆ A
1
n ∪A
2
n ∪A
3
n ∪A
4
n ∪A
5
n,
with
A1n := Σn,x1(ξ) \ Σ
∗
n,x1(ξ), A
2
n := Σn,x2(ξ) \ Σ
∗
n,x2(ξ),
A3n := Σ
∗
n,x1(ξ) \ Σn,x2(ξ), A
4
n := Σ
∗
n,x2(ξ) \ Σn,x1(ξ),
A5n := Σ
∗
n,x1(ξ) ∩ Σ
∗
n,x2(ξ).
The first two sets have uniformly bounded cardinality by Claim 1, and for every σ ∈
A3n ∪ A
4
n ∪ A
5
n, one has |wσ,x1(ξ) − wσ,x2(ξ)| ≤ min{
K
3 ,
K2
6M }ε (as follows from Claim 4
for A3n and A
4
n, and from Claim 3 for A
5
n). We can therefore apply Lemma 3.7, which
concludes our proof.
3.5 Measurability considerations and end of the proof
Before completing the proof of Proposition 3.3, we need to check the Borel regularity of
all our constructions. We start with a general lemma in CAT(−1) geometry.
Lemma 3.9. Let X be a CAT(−1) space. Let x0 ∈ X, let K ⊆ X be a compact set, and
let Bx0,K ⊆ ∂∞X be the subset made of all boundary points ξ such that the geodesic ray
from x0 to ξ intersects K.
Then Bx0,K is closed in ∂∞X.
Proof. As the cone topology on ∂∞X is metrizable [Va¨05, Section 5], it suffices to prove
that for every sequence (ξn)n∈N of boundary points in Bx0,K converging to a point
ξ ∈ ∂∞X, we have ξ ∈ Bx0,K . For every n ∈ N, let yn ∈ K be a point lying on the
geodesic ray from x0 to ξn. Let yn be the point on the geodesic ray x0ξ from x0 to ξ
which is closest to xn (this is unique by CAT(−1) geometry). Then the distance d(xn, yn)
converges to 0 as n goes to +∞. As K is compact, up to passing to a subsequence we
can assume that (xn)n∈N converges to a point x∞ ∈ K. Then (yn)n∈N also converges to
x∞. Therefore x∞ ∈ K ∩ x0ξ, which finishes the proof.
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Lemma 3.10. For every x0 ∈ X and every n ∈ N, the map Σn,x0 : ∂∞X → Pf (S
≥1(X))
is Borel.
Proof. It is enough to prove that the map Σ′n,x0 is Borel; for that, it is enough to prove
that for every σ ∈ S≥1(X), the subset Aσ ⊆ ∂∞X made of all boundary points ξ such
that the geodesic ray from x0 to ξ passes through the interior of σ is Borel. The interior
of σ is an increasing union of countably many compact sets Kn,σ with n ∈ N. Therefore,
with the notation from Lemma 3.9, the set Aσ is equal to the countable union over n ∈ N
of all sets Bx0,Kn,σ . As each of these sets is closed (Lemma 3.9), the lemma follows.
Lemma 3.11. For every σ ∈ S≥1(X) and every x0 ∈ X, the map wσ,x0 : ∂∞X → R≥0
is continuous.
Proof. Notice that for every σ ∈ S≥1(X), there exists M ∈ R+ such that for every
geodesic ray r in X originating at x0, and every t ≥ M , one has wσ,x0(r(t)) = 0. The
continuity of the map wσ,x0 therefore follows from the fact that fσ is Lipschitz, together
with the fact that for every ε > 0 and every sequence (ξn)n∈N ∈ (∂∞X)
N converging
to ξ, denoting by rn the geodesic ray from x0 to ξn and by r the geodesic ray from x0
to ξ, then for all sufficiently large n ∈ N, the segments rn([0,M ]) and r([0,M ]) are at
Hausdorff distance at most ε from each other.
As a consequence of Lemmas 3.10 and 3.11, we obtain the following fact.
Corollary 3.12. For every x0 ∈ X and every n ∈ N, the map νn,x0 : ∂∞X →
Prob(S(X)) is Borel.
We are now in position to complete our proof of Proposition 3.3.
Proof of Proposition 3.3. The maps νn,x0 : ∂∞X → Prob(S
≥1(X)) are Borel (Corol-
lary 3.12). They are asymptotically G-equivariant because for every g ∈ G and every
ξ ∈ ∂∞X, one has
||νn,x0(gξ)− g · νn,x0(ξ)||1 = ||νn,x0(gξ) − νn,gx0(gξ)||1,
which converges to 0 as n goes to +∞ in view of Lemma 3.8.
4 Measured groupoids and measure equivalence
We now provide some background on Borel and measured groupoids and their use in
proving measure equivalence rigidity statements.
4.1 Background on measured groupoids
We recall that a standard Borel set is a Borel set associated to a separable complete
metric space.
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Definition 4.1 (Borel groupoid). Let Y be a standard Borel set. A Borel groupoid over
Y is a standard Borel set G, together with the following data:
1. Borel maps s, r : G → Y (called the source map and the range map, respectively);
2. a Borel map ∗ from {(g1, g2) ∈ G × G|s(g1) = r(g2)} to G such that for every
g1, g2, g3 ∈ G, the following two facts hold:
(a) if s(g1) = r(g2), then s(g1 ∗ g2) = s(g2) and r(g1 ∗ g2) = r(g1), and
(b) if s(g1) = r(g2) and s(g2) = r(g3), then (g1 ∗ g2) ∗ g3 = g1 ∗ (g2 ∗ g3);
3. a Borel map e : Y → G such that for every y ∈ Y and every g ∈ G, the following
three facts hold:
(a) one has s(e(y)) = r(e(y)) = y,
(b) if s(g) = y, then g ∗ (e(y)) = g,
(c) if r(g) = y, then (e(y)) ∗ g = g;
4. a Borel map ι : G → G such that for every g ∈ G, the following four facts hold:
(a) s(ι(g)) = r(g),
(b) r(ι(g)) = s(g),
(c) g ∗ ι(g) = e(r(g)),
(d) ι(g) ∗ g = e(s(g)).
The space Y is called the base space of the groupoid. We will only consider Borel
groupoids which are discrete, i.e. such that for every y ∈ Y , there are at most countably
many g ∈ G with s(g) = y. The groupoid G is trivial if G = {e(y)|y ∈ Y }.
Definition 4.2 (Borel subgroupoid). Let G be a Borel groupoid over a base space Y . A
Borel subgroupoid of G is a Borel subset H ⊆ G which satisfies the following properties:
1. for every (h1, h2) ∈ H
2 such that s(h1) = r(h2), one has h1 ∗ h2 ∈ H,
2. for every h ∈ H, one has ι(h) ∈ H, and
3. for every y ∈ Y , one has e(y) ∈ H.
Every Borel subgroupoid of G naturally comes with the structure of a Borel groupoid
over the same base space Y , induced by that of G. We will always endow subgroupoids
with this induced structure.
Definition 4.3 (Restriction of a groupoid). Let G be a Borel groupoid over a base space
Y , and let A ⊆ Y be a Borel subset. Then the groupoid structure on G naturally turns
G|A := {g ∈ G|s(g), r(g) ∈ A}
into a Borel groupoid over the base space A, which is called the restriction of G to A.
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Measured groupoids. Let G be a discrete Borel groupoid over a base space Y . If Y
carries a σ-finite positive Borel measure µ (in which case we say that Y is a standard
measure space), we say that µ is G-quasi-invariant if for every Borel subset B ⊆ G such
that s|B and r|B are Borel isomorphisms to Borel subsets of Y , one has µ(s(B)) = 0 if
and only if µ(r(B)) = 0. In this case we say that G is a measured groupoid over (Y, µ).
Every Borel subgroupoid of a measured groupoid naturally comes with the structure of
a measured groupoid, and likewise the restriction of a measured groupoid to a Borel
subset of positive measure naturally comes with the structure of a measured groupoid.
A measured groupoid G over (Y, µ) is of infinite type if for every Borel subset Y ′ ⊆ Y
of positive measure, and a.e. y ∈ Y ′, there are infinitely many g ∈ G|Y ′ such that s(g) = y.
Stable containment, stable equivalence. Let G be a measured groupoid over a
base space Y , and let H and H′ be two measured subgroupoids of G. We say that H is
stably contained in H′ if there exist a conull Borel subset Y ∗ ⊆ Y and a countable Borel
partition Y ∗ = ⊔Yn such that for every n ∈ N, we have H|Yn ⊆ H
′
|Yn
. We say that H
and H′ are stably equivalent if each is stably contained in the other.
Cocycles. Let G be a measured groupoid over a base space Y , and let G be a countable
discrete group. A Borel map ρ : G → G is a cocycle if there exists a conull Borel subset
Y0 ⊆ Y such that for all g1, g2 ∈ G|Y0 , if s(g1) = r(g2), then ρ(g1 ∗ g2) = ρ(g1)ρ(g2).
We say that the cocycle ρ is strict if the above identity holds for all g1, g2 ∈ G with
s(g1) = r(g2), without passing to a conull subset Y0.
The kernel of a strict cocycle ρ is the subgroupoid of G made of all elements g ∈ G
such that ρ(g) = 1G (the fact that it is a subgroupoid follows from the fact that the
cocycle is strict, otherwise one needs to define the kernel as a subgroupoid of G|Y0).
A strict cocycle ρ is action-type if its kernel is trivial, and for every infinite subgroup
H ⊆ G, the subgroupoid ρ−1(H) is of infinite type (once again, the fact that ρ−1(H) is
a subgroupoid follows from the fact that the cocycle ρ is strict). We refer the reader to
[Kid08, p. 62] for a discussion regarding how to pass from cocycles to strict cocycles in
a general setting.
Let now Ω be a Borel space equipped with an action of G by Borel automorphisms.
A Borel map φ : Y → Ω is (G, ρ)-invariant if there exists a conull Borel subset Y ∗ ⊆ Y
such that for all g ∈ G|Y ∗ , one has φ(r(g)) = ρ(g)φ(s(g)). It is stably (G, ρ)-invariant if
there exists a countable Borel partition Y = ⊔nYn such that φ|Yn is (G|Yn , ρ)-invariant
for every n ∈ N.
Slightly abusing notation, in the context of restrictions of groupoids, we will often
denote a cocycle and its restriction in the same way. For example, we will write that a
Borel map U → Ω is (G|U , ρ)-invariant when we should really write (G|U , ρ|G|U )-invariant.
Given a Borel map φ : Y → Ω and a strict cocycle ρ : G → G to a countable
group G, the (G, ρ)-stabilizer of φ is the subgroupoid of G made of all g ∈ G such
that φ(r(g)) = ρ(g)φ(s(g)) – notice that the fact that this is a subgroupoid of G uses
the assumption that the cocycle ρ is strict. Notice that with these definitions, given a
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measured subgroupoid H of G, a Borel map φ : Y → Ω is stably (H, ρ)-invariant if and
only H is stably contained in the (G, ρ)-stabilizer of φ.
Example: Restrictions of group actions. The most important example to keep in
mind for the present paper is the following. Let (Y, ν) be a standard measure space, and
let G be a countable group acting by Borel automorphisms in a quasi-measure-preserving
way on (Y, ν) (i.e. for every g ∈ G and every Borel subset A ⊆ Y , one has ν(A) = 0
if and only if ν(gA) = 0). Then the direct product G × Y , equipped with the product
of the counting measure on G and the measure ν on Y , has a natural structure of a
measured groupoid over the base space Y , with s(g, y) = y and r(g, y) = gy, where
the composition law is given by (g1, g2y) ∗ (g2, y) = (g1g2, y), the identity map is given
by e(y) = (1G, y), and the inverse map is given by ι(g, y) = (g
−1, gy). This groupoid
is denoted G ⋉ Y . The map ρ : G ⋉ Y → G defined by letting ρ(g, y) = g is a strict
cocycle. When ν is a probability measure and the G-action on Y is measure-preserving,
the cocycle ρ is action-type by [Kid09, Proposition 2.26].
More generally, if A ⊆ Y is a Borel subset of positive measure, then we can consider
the groupoid (G⋉ Y )|A, which also comes with a natural cocycle towards G.
Amenable groupoids. Given a separable real Banach space B, we denote by B∗ the
dual Banach space of B (with the weak-∗ topology), by B∗1 the closed unit ball of B
∗, by
Conv(B∗1) the set of all nonempty closed convex subsets of B
∗
1 , and by Isom(B) the group
of all linear isometries of B, endowed with the strong operator topology. The adjoint
operator of every isometry T ∈ Isom(B) preserves B∗1 ; we denote by T
∗ the restriction
to B∗1 of the adjoint operator of T .
Let now G be a measured groupoid over a base space Y , and let ρ : G → Isom(B) be
a cocycle. The adjoint cocycle of ρ is the cocycle ρ∗ : G → Isom(B∗1) defined by letting
ρ∗(g) := (ρ(g)−1)∗ for every g ∈ G. Given a separable real Banach space B, a measurable
B-convex field over Y is a map K : Y → Conv(B∗1) such that
{(y, k) ∈ Y ×B∗1 |k ∈ K(y)}
is Borel. A section of K is a Borel map s : Y → B∗1 such that s(y) ∈ K(y) for a.e. y ∈ Y .
The following notion is a generalization to the groupoid setting of Zimmer’s notion
of an amenable group action [Zim78].
Definition 4.4 (Amenable measured groupoid). A measured groupoid G over a base
space Y is amenable if for every separable real Banach space B and every cocycle ρ :
G → Isom(B), every stably (G, ρ∗)-invariant measurable B-convex field over Y has a
stably (G, ρ∗)-invariant section.
Normalized subgroupoids. Let G be a measured groupoid over a base space Y , and
let H be a measured subgroupoid of G. Given a Borel subset B ⊆ G, we say that H is B-
invariant if there exists a conull Borel subset Y ∗ ⊆ Y such that for all g1, g2 ∈ B ∩ G|Y ∗
and all h ∈ G|Y ∗ with s(h) = s(g1) and r(h) = s(g2), one has h ∈ H if and only if
g2 ∗ h ∗ ι(g1) ∈ H.
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Definition 4.5 (Normalized subgroupoid). Let G be a measured groupoid over a base
space Y , and let H and H′ be measured subgroupoids of G.
The subgroupoid H is normalized by H′ if H′ can be written as a union of countably
many Borel subsets Bn of G in such a way that H is Bn-invariant for every n ∈ N.
The subgroupoid H is stably normalized by H′ if there exists a countable Borel par-
tition Y = ⊔n∈NYn such that H|Yn is normalized by H
′
|Yn
for every n ∈ N.
Remark 4.6. In view of a theorem of Lusin and Novikov (see [Kec95, Theorem 18.10]),
the subsets Bn in the definition of H being normalized by H
′ can always be chosen so
that s|Bn and r|Bn are Borel isomorphisms onto Borel subsets s(Bn) and r(Bn).
4.2 Measure equivalence and measured groupoids
Given a measure-preserving action of a group G by Borel automorphisms on a standard
measure space Σ, a Borel subset Y ⊆ Σ is a fundamental domain for the G-action on Σ
if
Σ \

⋃
g∈G
gY


has measure 0, and for any two distinct elements g1, g2 ∈ G, the intersection g1Y ∩ g2Y
has measure 0. We say that Y is a strict fundamental domain if
Σ =
⋃
g∈G
gY
and for any two distinct elements g1, g2 ∈ G, the intersection g1Y ∩ g2Y is empty.
We now recall the notion of a measure equivalence coupling between two countable
groups, due to Gromov [Gro93], from the introduction.
Definition 4.7 (Measure equivalence coupling). Let G1 and G2 be two countable groups.
A measure equivalence coupling between G1 and G2 is a standard infinite measure space
Σ equipped with a measure-preserving action of G1 × G2 by Borel automorphisms such
that for every i ∈ {1, 2}, the Gi-action on Σ is essentially free and has a finite measure
fundamental domain.
Lemma 4.8. Let G1 and G2 be two countable groups, and let Σ be a measure equivalence
coupling between G1 and G2.
Then there exists a (G1 × G2)-invariant conull Borel subset Σ
′ ⊆ Σ such that for
every i ∈ {1, 2}, the Gi-action on Σ
′ is free and has a strict fundamental domain of
finite measure.
Proof. For every i ∈ {1, 2} and every g ∈ Gi, we denote by Fix(g) the Borel subset of Σ
of measure 0 made of all points that are fixed by g. By removing the (G1 ×G2)-orbit of
every subset of Σ of the form Fix(g) with g ∈ G1 ∪ G2, we can assume without loss of
generality that for every i ∈ {1, 2}, the Gi-action on Σ is free.
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For every i ∈ {1, 2}, let Yi be a fundamental domain for the Gi-action on Σ, let
Y ′i := Yi \

 ⋃
g∈Gi\{1}
gYi

 ,
and let
Σ′i :=
⋃
g∈Gi
gY ′i .
Then
Σ′ :=
⋂
h∈G1×G2
h(Σ′1 ∩ Σ
′
2)
is a conull (G1 ×G2)-invariant subset of Σ, and for every i ∈ {1, 2}, the set Y
′
i ∩Σ
′ is a
strict fundamental domain for the Gi-action on Σ
′.
We make the following definition.
Definition 4.9 (Universal (G1, G2)-factor). Let G1 and G2 be two countable discrete
groups, and let Ω be a standard Borel space equipped with an action of G1×G2 by Borel
automorphisms.
The Borel space Ω is a universal (G1, G2)-factor if for every measure equivalence
coupling Σ between G1 and G2, there exists a Borel map Ψ : Σ → Ω which is almost
(G1 ×G2)-equivariant, i.e. such that for all (g1, g2) ∈ G1 ×G2 and a.e. y ∈ Σ, one has
Ψ((g1, g2)y) = (g1, g2)Ψ(y).
Notice that a point equipped with the trivial action of G1 ×G2 is always a universal
(G1, G2)-factor, but this will not be of interest to us. A more interesting situation, which
motivates the definition, is the following: given a countable group G, showing that G
itself, equipped with the action of G×G by left and right multiplication, is a universal
(G,G)-factor, yields to measure equivalence superrigidity of G, as follows from work of
Kida [Kid10, Theorem 6.1].
The following proposition explains how measured groupoids naturally arise in the
study of measure equivalence between countable groups, and gives a criterion in terms
of measured groupoids to check that a space is a universal (G1, G2)-factor.
Proposition 4.10. Let G1 and G2 be two countable discrete groups which are measure
equivalent.
1. There exist a measured groupoid G over a Borel space Y of positive measure, and
two strict action-type cocycles G → G1 and G → G2.
2. Let Ω be a standard Borel space, and assume that for every measured groupoid G
over a base space Y , and every pair of strict action-type cocycles ρ1 : G → G1 and
ρ2 : G → G2, there exist a Borel map φ : Y → Ω and a conull Borel subset Y
∗ ⊆ Y
such that for all g ∈ G|Y ∗ , one has φ(r(g)) = (ρ1(g), ρ2(g))φ(s(g)). Then Ω is a
universal (G1, G2)-factor.
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Proof. We first prove Assertion 1. Let Σ be a measure equivalence coupling between G1
and G2. By Lemma 4.8, up to replacing Σ by a conull (G1×G2)-invariant Borel subset,
we can assume that G1 and G2 have strict fundamental domains of finite measure. Every
strict fundamental domain X for the G1-action on Σ comes equipped with a natural G2-
action, by letting g2 · x be the unique point of X in the same G1-orbit as g2x ∈ Σ.
Similarly, every strict fundamental domain Y for the G2-action on Σ comes equipped
with a G1-action defined in a similar way. By [Kid09, Lemma 2.27], we can choose
the Borel fundamental domains X and Y in such a way that G1 · (X ∩ Y ) = Y and
G2 · (X ∩ Y ) = X up to null sets. We choose X and Y as such, and let A := X ∩ Y .
The groupoids (G1 ⋉ Y )|A and (G2 ⋉ X)|A are isomorphic via the map sending
(g1, y) to (g2, y), where g2 is the unique element of G2 such that (g1, g2)y ∈ Y . Letting
G := (G1 ⋉ Y )|A, we thus have two natural strict action-type cocycles ρi : G → Gi for
i ∈ {1, 2}. This concludes the proof of Assertion 1.
To prove Assertion 2, let G be the groupoid constructed just above, and ρ1 : G → G1
and ρ2 : G → G2 be the constructed cocycles. By assumption, there exist a Borel map
φ : A → Ω and a conull Borel subset A∗ ⊆ A such that for all g ∈ G|A∗ , one has
φ(r(g)) = (ρ1(g), ρ2(g))φ(s(g)).
We claim that the assignment (g1, g2)x 7→ (g1, g2)φ(x) (with x ∈ A
∗) yields a well-
defined Borel map ψ : Σ→ Ω (in fact this map is only defined almost everywhere but can
be extended arbitrarily to the whole Σ), and this map is almost (G1×G2)-equivariant. To
prove the claim, it is enough to check that for all x, x′ ∈ A, if (g1, g2)x = (h1, h2)x
′, then
(g1, g2)φ(x) = (h1, h2)φ(x
′). Indeed, in this case, we have (h−11 g1)(h
−1
2 g2)x = x
′, and it
follows that there exists g ∈ G with ρ1(g) = h
−1
1 g1, ρ2(g) = h
−1
2 g2 and with s(g) = x
and r(g) = x′. The given equivariance of φ ensures that φ(x′) = (h−11 g1, h
−1
2 g2)φ(x). In
other words (g1, g2)φ(x) = (h1, h2)φ(x
′), as desired.
5 Blueprint for measure equivalence rigidity
In this section, we abstract Kida’s proof of measure equivalence rigidity of mapping class
groups, and give a general framework to prove measure equivalence rigidity of a countable
group G. This framework requires having a G-action on a graph – analogous to the curve
graph – with essentially no more symmetries than those coming from the G-action, and
with some algebraic control on vertex and edge stabilizers. It also involves a dynamical
setting with a G-action on a compact space – analogous to Thurston’s compactification
of the Teichmu¨ller space – and a G-action on a space that plays the role of the boundary
of the curve graph. This setting will be checked to hold in the realm of 2-dimensional
Artin groups of hyperbolic type in later sections.
5.1 Curve-graph-like G-graphs and statement of the main result
Given a group G and a G-set S, we let StabG(S) be the setwise stabilizer of S in G and
PstabG(S) be its elementwise stabilizer. We let Pf (S) be the set of all finite subsets of
S, and Pflex(S) be the set of all subsets of S whose elementwise G-stabilizer is infinite.
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Given a Borel space ∆, we denote by ∆(3) the set of all pairwise distinct triples of ∆,
equipped with the Borel structure induced from that of ∆3. A graph Θ is simple if it
contains no edge-loop and no multiple edges between distinct vertices. This is equivalent
to every automorphism of Θ being determined by its action on the vertex set of Θ.
Definition 5.1 (Curve-graph-like G-graphs). Let G be a group. A G-graph Θ is curve-
graph-like if it is simple, has countable vertex set, and there exists a G-invariant subset
P∗(V (Θ)) ⊆ Pf (V (Θ)) \ {∅} such that the following properties hold.
1. (Stabilizers versus pointwise stabilizers) For every S ∈ P∗(V (Θ)), we have
StabG(S) = PstabG(S).
2. (Dynamical setting) There exist a compact metrizable space K equipped with a
G-action by homeomorphisms, a Borel G-invariant partition K = Kbdd∪K∞, and
a standard Borel G-space ∆ such that
(a) there is a Borel G-equivariant map Kbdd → P∗(V (Θ)),
(b) there is a Borel G-equivariant map K∞ → ∆,
(c) there is a Borel G-equivariant map ∆(3) → P∗(V (Θ)),
(d) the G-action on ∆ is Borel amenable.
3. (Canonical reduction systems and chain condition) The following hold:
(a) there is a G-equivariant map Pflex(V (Θ))→ P∗(V (Θ)),
(b) there is a bound on the length of an increasing (for inclusion) chain of subsets
Xi of V (Θ) such that PstabG(X1) ) PstabG(X2) ) · · · ) PstabG(Xk).
4. (Structure of vertex and edge stabilizers of Θ) The following hold:
(a) for every v ∈ V (Θ), the group StabG(v) contains both a nonabelian free sub-
group and an infinite amenable normal subgroup,
(b) given any two distinct vertices v,w ∈ V (Θ), there exists an infinite order
element in G that fixes v but not w,
(c) given any two distinct vertices v,w ∈ V (Θ), the following are equivalent:
i. the vertices v and w are joined by an edge in Θ;
ii. for every vertex v′ of Θ, if every element of StabG(v) ∩ StabG(w) has a
power that fixes v′, then v′ ∈ {v,w}.
Remark 5.2. Notice that if a G-graph Θ is curve-graph-like, then for every finite-index
subgroup G′ ⊆ G, the graph Θ viewed as as G′-graph is again a curve-graph-like G′-
graph (for Assumption 2.(d), the fact that the G′-action on ∆ is Borel amenable follows
from [BGH17, Proposition 2.11]).
In order to motivate this definition, it is worth describing the model case, which
comes from mapping class groups of finite-type hyperbolic surfaces acting on their cor-
responding curve graph.
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Example 5.3 (Mapping class groups and curve graphs). Let Σ be a connected orientable
surface of finite type, i.e. Σ is obtained from a closed surface of finite genus by possibly
removing finitely many points. Assume that Σ is neither a sphere with at most four
punctures, nor a torus with at most one puncture. Let Mod(Σ) be the mapping class
group of Σ, and let G be its finite-index subgroup made of all mapping classes acting
trivially on the homology of the surface with Z/3Z coefficients. Let C(Σ) be the curve
graph of Σ, and let P∗(V (C(Σ))) = Pf (V (C(Σ))) be the set of all nonempty finite subsets
of V (C(Σ)). We will now check that C(Σ) is a curve-graph-like G-graph. We warn the
reader that with our definition C(Σ) is not a curve-graph-like Mod(Σ)-graph because
Assumption 1 is only true after passing to the finite-index subgroup G; but this is
harmless for our purpose as ME-superrigidity is a commensurability invariant.
Assumption 1 asserts that whenever an element g ∈ G permutes a finite family of
isotopy classes of essential simple closed curves on Σ, then g fixes each of them: this is
true in G (but not in Mod(Σ)) by work of Ivanov [Iva92, Corollary 3.6].
Interestingly, Assumption 2 (Dynamical setting) is exactly the condition introduced
by Guirardel, Le´cureux and the first named author in [GHL] (where it is called geometric
rigidity) to get cocycle superrigidity results. In the mapping class group setting, it is
checked as follows. The space K is the compact space PML of projective measured
laminations on Σ, and we have PML = PMLbdd ∪ PML∞, where PML∞ consists of the
subspace made of arational laminations. The space ∆ is the Gromov boundary ∂∞C(Σ).
By Klarreich’s theorem describing the boundary of the curve graph [Kla99], there is a
natural Mod(Σ)-equivariant (whence G-equivariant) map from PML∞ to ∆ = ∂∞C(Σ).
Also, to every nonarational lamination λ, one can canonically associate a nonempty finite
set of pairwise disjoint isotopy classes of essential simple closed curves on Σ, namely, the
set of all curves that are either isolated in λ or arise as a boundary of a subsurface
filled by λ. Amenability of the mapping class group action (whence of the G-action)
on ∆ = ∂∞C(Σ) was proved by Hamensta¨dt in [Ham09] and independently – with a
different proof – by Kida in [Kid08]. Finally, the map assigning a nonempty finite set of
isotopy classes of essential simple closed curves to every triple of pairwise distinct points
in ∂∞C(Σ) was constructed by Kida in [Kid08, Section 4.1.2].
Assumption 3.(a) is the so-called canonical reduction system, and is checked as fol-
lows: if X is an infinite collection of isotopy classes of essential simple closed curves on
Σ whose elementwise stabilizer is infinite, then the curves in X do not fill the whole
surface, and therefore one can canonically associate to X a nonempty finite set of iso-
topy classes of essential simple closed curves, made of all the boundaries of the filled
subsurfaces (including annular subsurfaces). This defines a Borel G-equivariant map
Pflex(V (C(Σ))) → P∗(V (C(Θ))), as required. To check Assumption 3.(b), observe that
the elementwise stabilizer of X is the subgroup of G made of mapping classes that act
trivially on each of the filled subsurfaces. As there is a bound on the size of an increas-
ing (for inclusion) family of isotopy classes of subsurfaces of Σ, we get the desired chain
condition.
Finally, Assumption 4 provides algebraic properties of stabilizers of vertices and edges
in C(Σ). For Assumption 4.(a), notice that the stabilizer of a curve contains a nonabelian
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free group (the complement of a curve is a subsurface that supports two independent
pseudo-Anosov diffeomorphisms because we have ruled out low-complexity surfaces).
It also contains the intersection with G of the infinite cyclic subgroup generated by
the corresponding Dehn twist as a normal subgroup. Assumption 4.(b) follows from
the fact that for every essential simple closed curve c, every connected component of
Σ \ c which carries an essential simple closed curve non-isotopic to c, also supports a
pseudo-Anosov diffeomorphism. For Assumption 4.(c), if two curves are disjoint, then
their common stabilizer does not fix any third curve. But if they intersect, then their
common stabilizer fixes every curve in the subsurface they fill.
Remark 5.4. Interestingly, the above setting – including the algebraic properties of vertex
and edge stabilizers – also holds for 2-dimensional Artin groups of hyperbolic type for an
appropriate notion of curve graph, as will be established in later sections. The striking
analogies between mapping class groups and such Artin groups made us believe that it
was worth making the parallel explicit through the above definition.
Of course, we do not expect the setting from Definition 5.1 to arise in all possible
situations: when trying to prove measure equivalence rigidity statements for other classes
of groups, one may need to allow some flexibility in the conditions.
Still, we hope that the above setting could hold in other situations, which motivates
introducing the definition. First, we believe that it can be used in the realm of some right-
angled Artin groups to get measure equivalence classification results. We will not develop
on this in the present paper, as we hope to study the case of right-angled Artin groups
separately in future work; we refer the reader to [GHL, Section 5.2] for a description of
the dynamical setting in this context – using forK the HHS compactification (introduced
by Durham, Hagen and Sisto in [DHS17]) of the universal cover of the Salvetti complex,
and for ∆ the Gromov boundary of the associated contact graph.
Another situation where we might hope that the above setting could hold is the case
of Artin groups of FC type. A possible analogue of the curve graph in this setting could
be the graph of parabolic subgroups studied by Morris-Wright in [MW19]. In this case,
one could take advantage of the cubical structure of the modified Deligne complex to
get the right dynamical setting – including the Borel amenability of the group action
on the Roller boundary. One would also need to study the structure of vertex and
edge stabilizers of the aforementioned graph, and, in order to obtain a strong measure
equivalence rigidity as in Corollary 5.7 below, check whether (at least in some cases) the
action of the Artin group on this graph is rigid.
Given two graphs Θ1 and Θ2, a graph map from Θ1 to Θ2 is a map that sends vertices
to vertices and edges to edges (i.e. preserves adjacency). It is a graph isomorphism if it
is bijective and its inverse is also a graph map. Given two isomorphic graphs Θ1 and
Θ2, we let Isom(Θ1 → Θ2) be the set of all graph isomorphisms from Θ1 to Θ2. If
Θ1 is equipped with an action of a group G1 and Θ2 is equipped with an action of a
group G2, then Isom(Θ1 → Θ2) is equipped with an action of G1×G2 defined by letting
(g1, g2) · θ(v) = g2θ(g
−1
1 v) for every θ ∈ Isom(Θ1 → Θ2) and every v ∈ Θ1. Given a
graph Θ, we denote by Aut(Θ) the set of all graph isomorphisms from Θ to itself, which
is naturally a group under the composition law. The goal of the present section is to
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prove the following theorem.
Theorem 5.5. Let G1 and G2 be two countable groups. Assume that for every i ∈ {1, 2},
there exists a curve-graph-like Gi-graph, and let Θi be such a graph.
If G1 and G2 are measure equivalent, then Θ(G1) and Θ(G2) are isomorphic, and
Isom(Θ(G1)→ Θ(G2)) is a universal (G1, G2)-factor.
Remark 5.6. This implies in particular that if G is a countable group, and if a curve-
graph-like G-graph exists, then it is unique up to graph isomorphism.
As a consequence of the above theorem and of a theorem of Kida, we get the following
corollary.
Corollary 5.7. Let G be a countable group. Assume that there exists a curve-graph-like
G-graph Θ such that the natural map G → Aut(Θ) has finite kernel and finite-index
image. Assume in addition that every nontrivial conjugacy class of Aut(Θ) is infinite.
Then G is ME-superrigid: for every countable group G′, if G′ is measure equivalent to
G, then G′ is almost isomorphic to G, i.e. there exist finite-index subgroups H ⊆ G and
H ′ ⊆ G′ and finite normal subgroups F EH and F ′EH ′ such that H ′/F ′ is isomorphic
to H/F .
Proof. It follows from Theorem 5.5 that Aut(Θ) is a universal (G,G)-factor. Since every
nontrivial conjugacy class of Aut(Θ) is infinite, and the natural map G → Aut(Θ) has
finite kernel and finite-index image, the conclusion follows from [Kid10, Theorem 6.1].
This applies in particular to all mapping class groups as in Example 5.3, as Ivanov
proved that the natural map from the extended mapping class group to the automor-
phism group of the curve graph is almost an isomorphism [Iva97] – the fact that non-
trivial conjugacy classes in the automorphism group of the curve graph are all infinite
was checked by Kida in [Kid10, Theorem 2.9]. In the sequel, we will also use Corol-
lary 5.7 to prove the measure equivalence superrigidity of many 2-dimensional Artin
groups (considered by Crisp in [Cri05]) with a rigid curve graph.
5.2 Reducible subgroupoids
From now on, we will adopt all notations from the definition of a curve-graph-like graph
(Definition 5.1). In particular, in the following definition, the set P∗(V (Θ)) is the one
coming from that definition.
Definition 5.8 (Irreducibility of a cocycle). Let G be a countable group, and let Θ be
a curve-graph-like G-graph. Let G be a discrete measured groupoid over a base space Y ,
and let ρ : G → G be a cocycle.
We say that (G, ρ) is irreducible if for every Borel subset U ⊆ Y of positive measure,
there does not exist any (G|U , ρ)-invariant Borel map U → P∗(V (Θ)).
The terminology comes from the analogy with the mapping class group setting, where
Kida defined an irreducible subgroupoid coming with a cocycle to the mapping class
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group as a subgroupoid that does not admit any invariant isotopy class of essential
simple closed curve [Kid08] – generalizing the notion of an irreducible subgroup of the
mapping class group, which is one that does not virtually fix the isotopy class of any
essential simple closed curve on the surface.
The following lemma, which relies on Assumption 1 from the definition of a curve-
graph-like G-graph, allows to replace P∗(V (Θ)) by V (Θ) in the above definition.
Lemma 5.9. Let G be a countable group, and let Θ be a curve-graph-like G-graph. Let
G be a discrete measured groupoid over a base space Y , and let ρ : G → G be a cocycle.
If there exists a stably (G, ρ)-invariant Borel map Y → P∗(V (Θ)), then there exists
a stably (G, ρ)-invariant Borel map Y → V (Θ).
Proof. As P∗(V (Θ)) ⊆ Pf (V (Θ)), it is countable. Therefore, we can find a countable
Borel partition Y = ⊔Yn such that for every n ∈ N, there exists a finite subset Xn of
V (Θ) such that the constant map with value Xn is (G|Yn , ρ)-invariant. Therefore, for
every n ∈ N, there exists a conull Borel subset Y ∗n ⊆ Yn such that for all g ∈ G|Y ∗n , one
has ρ(g) ∈ StabG(Xn). Using Assumption 1 from the definition of a curve-graph-like
G-graph, we have StabG(Xn) = PstabG(Xn). Therefore, for every xn ∈ Xn, the constant
map with value xn is also (G|Yn , ρ)-invariant. The lemma follows.
Our next goal is to prove the following proposition, which associates a canonical map
with values in V (Θ) to every reducible subgroupoid.
Proposition 5.10. Let G be a countable group, and let Θ be a curve-graph-like G-graph.
Let G be a discrete measured groupoid over a base space Y , and let ρ : G → G be an
action-type cocycle. Let H and H′ be two measured subgroupoids of G, and assume that
H is of infinite type and is stably normalized by H′. Assume in addition that there exists
a stably (H, ρ)-invariant Borel map Y → V (Θ).
Then there exists a Borel map Y → V (Θ) which is both stably (H, ρ)-invariant and
stably (H′, ρ)-invariant.
We start with the following lemma.
Lemma 5.11. Let G be a countable group, and let Θ be a curve-graph-like G-graph.
Let G be a discrete measured groupoid over a base space (Y, µ), and let ρ : G → G be a
cocycle. Assume that there exists a stably (G, ρ)-invariant Borel map Y → V (Θ).
Then there exists a stably (G, ρ)-invariant Borel map θmax : Y → Pf (V (Θ)) such that
for every stably (G, ρ)-invariant Borel map θ : Y → Pf (V (Θ)) and a.e. y ∈ Y , one has
Pstab(θmax(y)) ⊆ Pstab(θ(y)).
Proof. Given X ∈ Pf (V (Θ)), we let h(X) be the maximal length k of a chain X0 ⊆ · · · ⊆
Xk = X where for every i ∈ {0, . . . , k−1}, one has Xi ∈ Pf (V (Θ)) and PstabG(Xi+1) (
PstabG(Xi). Assumption 3.(b) from the definition of a curve-graph-like G-graph ensures
that there exists N ∈ N such that for every X ∈ Pf (V (Θ)), one has h(X) ≤ N .
Let SInv be the collection of all stably (G, ρ)-invariant Borel maps Y → Pf (V (Θ)),
which is nonempty by assumption. For every θ ∈ SInv, and every i ∈ {0, . . . , N}, let
Si(θ) := {y ∈ Y |h(θ(y)) ≥ i},
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which is a Borel subset of Y because θ is Borel. Let
Ki := sup
θ∈SInv
µ(Si(θ)),
where we recall that µ is the given probability measure on Y .
We first claim that for every i ∈ {0, . . . , N}, there exists θi ∈ SInv such that
µ(Si(θi)) = Ki. To prove this claim, it is enough to show that for every sequence
(ψn)n∈N ∈ SInv
N, there exists ψ ∈ SInv such that
⋃
Si(ψn) ⊆ Si(ψ); the claim then
follows by taking for (ψn)n∈N a maximizing sequence for Ki. To establish the above fact,
for every n ∈ N, let Si(n) := Si(ψn) \ (Si(ψ0) ∪ · · · ∪ Si(ψn−1)). Let ψ : Y → Pf (V (Θ))
be the Borel map defined by letting ψ(y) = ψn(y) if y ∈ Si(n) for some n ∈ N, and
letting ψ(y) = ψ0(y) if y ∈ Y \ (
⋃
n∈N Si(n)). Note that ψ ∈ SInv, and ψ satisfies the
desired property.
For every i ∈ {0, . . . , N}, we now choose θi ∈ SInv such that µ(Si(θi)) = Ki, and we
let Si := Si(θi). Notice that S0 = Y . We claim that up to null sets, we have Si+1 ⊆ Si
for all i ∈ {0, . . . , N} (with the convention that SN+1 = ∅, and we can take any map in
SInv for θN+1). For every i ∈ {0, . . . , N}, the Borel map θi ∪ θi+1 – defined by letting
(θi ∪ θi+1)(y) = θi(y)∪ θi+1(y) – is stably (G, ρ)-invariant. For every y ∈ Si ∪ (Si+1 \Si),
one has h((θi ∪ θi+1)(y)) ≥ i. In other words Si ∪ (Si+1 \ Si) ⊆ Si(θi ∪ θi+1). We thus
have
µ(Si ∪ (Si+1 \ Si)) ≤ µ(Si(θi ∪ θi+1)) ≤ µ(Si),
where the rightmost inequality follows from the definition of Si. Therefore Si+1 \Si is a
null set. In other words Si+1 ⊆ Si up to null sets, as claimed.
Let now θmax ∈ SInv be the map defined by letting θmax(y) = θi(y) whenever y ∈
Si \ Si+1. We now check that θmax satisfies the desired conclusion. If not, there would
exist θ ∈ SInv and a Borel subset Y ′ ⊆ Y of positive measure such that Pstab(θ(y)) (
Pstab(θmax(y)) for all y ∈ Y
′. Therefore h((θmax ∪ θ)(y)) > h(θmax(y)) for all y ∈ Y
′.
Up to restricting to a Borel subset of positive measure, we can assume that there exists
i ∈ {0, . . . , N} such that Y ′ ⊆ Si \ Si+1. Then we have h((θmax ∪ θ)(y)) ≥ i + 1 on
Y ′ ∪ Si+1, of strictly larger measure than Si+1: this contradicts the definition of Si+1.
This contradiction completes our proof.
We recall that Pflex(V (Θ)) denotes the collection of all subsets of S whose elementwise
stabilizer is infinite.
Lemma 5.12. Let G be a countable group, and let Θ be a curve-graph-like G-graph. Let
G be a measured groupoid over a base space Y , and let ρ : G → G be a cocycle with trivial
kernel. Let H be a measured subgroupoid of G of infinite type, and let U ⊆ Y be a Borel
subset of positive measure.
Then every Borel map U → Pf (V (Θ)) which is stably (H|U , ρ)-invariant essentially
takes its values in Pflex(V (Θ)).
Proof. Let θ : U → Pf (V (Θ)) be a stably (H|U , ρ)-invariant Borel map, and assume
towards a contradiction that θ does not essentially take its values in Pflex(V (Θ)). As
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Pf (V (Θ)) is countable, we can find a Borel subset V ⊆ U of positive measure and a
finite subset X of V (Θ) whose elementwise stabilizer in G is finite, such that for every
y ∈ V , one has θ(y) = X, and the constant map θ|V is (H|V , ρ)-invariant. This means
that there exists a conull Borel subset V ∗ ⊆ V such that for every h ∈ H|V , one has
ρ(h) ∈ Stab(X). As X is finite, its elementwise stabilizer has finite index in its setwise
stabilizer, and therefore StabG(X) is finite. As ρ has trivial kernel, this implies that for
a.e. y ∈ V , there are only finitely many g ∈ H|V with s(g) = y, contradicting that H is
of infinite type.
We are now in position to complete our proof of Proposition 5.10.
Proof of Proposition 5.10. Let θ : Y → Pf (V (Θ)) be a stably (H, ρ)-invariant Borel
map of maximal type for (H, ρ), i.e. such that for every stably (H, ρ)-invariant Borel
map θ′ : Y → Pf (V (Θ)) and a.e. y ∈ Y , one has Pstab(θ(y)) ⊆ Pstab(θ
′(y)). This
exists by Lemma 5.11. Let θ∗ : Y → P(V (Θ)) be the Borel map defined by letting θ∗(y)
be the set of all elements of V (Θ) that are fixed by Pstab(θ(y)). By Lemma 5.12, the
map θ takes its values essentially in Pflex(V (Θ)), and therefore so does θ
∗. Notice also
that if θ1, θ2 : Y → Pf (V (Θ)) are two stably (H, ρ)-invariant Borel maps of maximal
type for (H, ρ), then for a.e. y ∈ Y , we have Pstab(θ1(y)) = Pstab(θ2(y)), and therefore
θ∗1(y) = θ
∗
2(y).
Since θ is stably (H, ρ)-invariant, so is θ∗. We will now prove that θ∗ is also sta-
bly (H′, ρ)-invariant; using the G-equivariant map Pflex(V (Θ)) → P∗(V (Θ)) provided
by Assumption 3.(a) from the definition of a curve-graph-like G-graph together with
Lemma 5.9, this will complete our proof of Proposition 5.10.
Up to partitioning Y into countably many Borel subsets, we can assume that θ is
(H, ρ)-invariant. We can also assume that H is normalized by H′. Write H′ = ∪nBn as
a countable union of Borel subsets that leave H invariant, such that for every n ∈ N,
the set Bn determines a partial Borel isomorphism f between Borel subsets s(Bn) and
r(Bn) (see Remark 4.6). For every x ∈ s(Bn), we let gx be the unique element of Bn
such that s(gx) = x. Likewise, for every y ∈ r(Bn), we let g
y be the unique element of
Bn such that r(g
y) = y.
Let ψ : s(Bn) → Pf (V (Θ)) be the map defined by letting ψ(x) = ρ(gx)
−1θ(f(x)).
As H is normalized by H′, the map ψ is (H|s(Bn), ρ)-invariant: indeed, there exists a
conull Borel subset Y ∗ ⊆ Y such that for every h ∈ H|s(Bn)∩Y ∗ , letting x := s(h) and
y := r(h), one has
ψ(y) = ρ(gy)
−1θ(f(y))
= ρ(gy)
−1ρ(gy)ρ(h)ρ(gx)
−1θ(f(x))
= ρ(h)ψ(x).
Notice that the map θ|s(Bn) is of maximal type for (H|s(Bn), ρ) – this uses the ob-
servation that every stably (H|s(Bn), ρ)-invariant Borel map towards Pf (V (Θ)) can be
extended to a stably (H, ρ)-invariant Borel map, by using the Borel map given by the
assumption of the proposition for the extension. We will now prove that the map ψ is
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also of maximal type for (H|s(Bn), ρ). For that, it suffices to show that for a.e. x ∈ s(Bn),
one has Pstab(ψ(x)) ⊆ Pstab(θ(x)). As above, the map
r(Bn) → Pf (V (Θ))
y 7→ ρ(gy)θ(f−1(y))
is (H|r(Bn), ρ)-invariant. As θ is of maximal type for (H|r(Bn), ρ), for a.e. y ∈ r(Bn), we
have Pstab(θ(y)) ⊆ Pstab(ρ(gy)θ(f−1(y))), so Pstab(ρ(gy)−1θ(y)) ⊆ Pstab(θ(f−1(y))).
Using the partial Borel isomorphism f , this precisely means that for a.e. x ∈ s(Bn), we
have Pstab(ψ(x)) ⊆ Pstab(θ(x)), as desired.
We finally deduce that θ∗ is (H′|s(Bn), ρ)-invariant: this is because maximality of θ
and ψ imply that (θ|s(Bn))
∗ and ψ∗ coincide almost everywhere, and the definition of ψ
implies that for a.e. x ∈ s(Bn), one has ψ
∗(x) = ρ(gx)
−1θ∗(f(x)) – whence θ∗(f(x)) =
ρ(gx)θ
∗(x).
5.3 Irreducible amenable subgroupoids
The goal of this section is to prove the following proposition, using an idea that dates
back to work of Adams [Ada94b] and was implemented in the mapping class group
setting by Kida [Kid08].
Proposition 5.13. Let G be a countable group, and assume that there exists a curve-
graph-like G-graph. Let G be a measured groupoid over a base space Y , and let ρ : G → G
be a strict action-type cocycle. Let H and H′ be two measured subgroupoids of G, with H
of infinite type and stably normalized by H′.
If (H, ρ) is irreducible and H is amenable, then H′ is amenable.
Lemma 5.14. Let G be a countable group, and let Θ be a curve-graph-like G-graph. Let
G be a measured groupoid over a base space Y , and let ρ : G → G be a strict cocycle with
trivial kernel. Let H be a measured subgroupoid of G of infinite type.
If (H, ρ) is irreducible, then for every Borel subset U ⊆ Y of positive measure, there
is no Borel map U → Prob(P∗(V (Θ))) which is stably (H|U , ρ)-invariant.
Proof. Assume towards a contradiction that there exist a Borel subset U ⊆ Y of positive
measure and a stably (H|U , ρ)-invariant Borel map U → Prob(P∗(V (Θ))). As P∗(V (Θ))
is contained in Pf (V (Θ)), it is countable. Therefore, there exists a G-equivariant Borel
map Prob(P∗(V (Θ))) → Pf (V (Θ)), sending a probability measure µ to the union of
all subsets X ∈ P∗(V (Θ)) such that µ(X) is maximal. We thus get a stably (H|U , ρ)-
invariant Borel map U → Pf (V (Θ)), and Lemma 5.12 implies that this map essentially
takes its values in Pflex(V (Θ)). Recall that there is a G-equivariant map Pflex(V (Θ))→
P∗(V (Θ)) (Assumption 3.(a) in the definition of a curve-graph-like G-graph). We deduce
a stably (H|U , ρ)-invariant Borel map U → P∗(V (Θ)). This contradicts the irreducibility
of (H, ρ).
Lemma 5.15. Let G be a countable group, and let Θ be a curve-graph-like G-graph. Let
G be a measured groupoid over a base space Y , and let ρ : G → G be a cocycle with trivial
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kernel. Let H be a measured subgroupoid of G of infinite type, and assume that (H, ρ) is
irreducible.
Then for every stably (H, ρ)-invariant Borel map µ : Y → Prob(∆), and a.e. y ∈ Y ,
the support of the probability measure µ(y) has cardinality at most 2.
Proof. Otherwise, using Fubini’s theorem, we see that there exists a Borel subset U ⊆ Y
of positive measure such that for a.e. y ∈ U , one has µ(y) ⊗ µ(y) ⊗ µ(y)(∆(3)) > 0 –
where we recall that ∆(3) ⊂ ∆ × ∆ × ∆ consists of all triples with mutually distinct
coordinates. Using the map ∆(3) → P∗(V (Θ)) given in the definition of a curve-graph-
like G-graph (Assumption 2.(c)), we deduce a stably (H|U , ρ)-invariant Borel map U →
Prob(P∗(V (Θ))), contradicting Lemma 5.14.
Given a set ∆ and k ∈ N, we denote by P≤k(∆) the set of all subsets of ∆ of
cardinality at most k.
Lemma 5.16. Let G be a countable group, and let ∆ be a Borel G-space. Assume that
the G-action on ∆ is Borel amenable. Then for every k ∈ N∗, the G-action on P≤k(∆)
is Borel amenable.
Proof. Let νn : ∆→ Prob(G) be an asymptotically equivariant sequence of Borel maps.
Then the sequence νkn : P≤k(∆)→ Prob(G) sending a setX ∈ P≤k(∆) to
1
|X|
∑
x∈X νn(x)
is asymptotically equivariant.
We are now in position to complete our proof of Proposition 5.13.
Proof of Proposition 5.13. Let Θ be a curve-graph-like G-graph, and let K = Kbdd∪K∞
and ∆ be as in Assumption 2 of Definition 5.1. As H is amenable and K is compact and
metrizable, it follows from [Kid09, Proposition 4.14] that there exists an (H, ρ)-invariant
Borel map Y → Prob(K). We will denote by νy the image measure of a point y ∈ Y
under this map.
We first claim that for a.e. y ∈ Y , one has νy(K∞) = 1. Indeed, assume otherwise.
Then there exists a Borel subset U ⊆ Y of positive measure such that for a.e. y ∈ U , the
probability measure νy gives positive measure to Kbdd. After renormalizing, we thus get
an (H|U , ρ)-invariant Borel map U → Prob(Kbdd). Using the map Kbdd → P∗(V (Θ))
from the definition of a curve-graph-like G-graph (Assumption 2.(a)), we deduce an
(H|U , ρ)-invariant Borel map U → Prob(P∗(V (Θ))), contradicting Lemma 5.14.
Using the map K∞ → ∆ provided by the definition of a curve-graph-like G-graph
(Assumption 2.(b)), we thus get an (H, ρ)-invariant Borel map ν : Y → Prob(∆). Com-
bining Lemma 5.15 with [Ada94b, Lemma 3.2], there exists a stably (H, ρ)-invariant
Borel map θ : Y → P≤2(∆) which is maximal, i.e. such that for every other stably
(H, ρ)-invariant Borel map θ′ : Y → P≤2(∆) and a.e. y ∈ Y , one has θ
′(y) ⊆ θ(y). Using
[Ada94b, Lemma 3.3], one sees that such a maximal map θ is essentially unique (notice
that [Ada94b, Lemmas 3.2 and 3.3] are stated in the context of hyperbolic groups, but
their proof remains valid in our setting). As H is stably normalized by H′, the map θ is
both stably (H, ρ)-invariant and stably (H′, ρ)-invariant. As the G-action on ∆ is Borel
amenable, so is the action on P≤2(∆) (Lemma 5.16). Since in addition ρ has trivial
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kernel, it follows that H′ is amenable, see e.g. [Kid08, Proposition 4.33]. This concludes
our proof.
5.4 Characterizing stabilizers of vertices of Θ
Let G be a measured groupoid over a base space Y . We say that G is everywhere
nonamenable if for every Borel subset U ⊆ Y of positive measure, the groupoid G|U is
nonamenable.
Proposition 5.17. Let G be a countable group, and let Θ be a curve-graph-like G-graph.
Let G be a discrete measured groupoid over a base space Y , and let ρ : G → G be a strict
action-type cocycle. Let φ : Y → V (Θ) be a Borel map, and let H be the (G, ρ)-stabilizer
of φ.
Then H is everywhere nonamenable and stably normalizes an amenable subgroupoid
of G of infinite type.
Proof. As V (Θ) is countable, we can find a countable Borel partition Y = ⊔Yn such that
for every n ∈ N, the map φ|Yn is constant, with value a vertex vn ∈ V (Θ).
We first prove that H is everywhere nonamenable. Let U ⊆ Y be a Borel subset of
positive measure. There exists n ∈ N such that Un := U ∩ Yn has positive measure. The
groupoid H|Un is equal to ρ
−1(StabG(vn))|Un . By Assumption 3.(a) from the definition
of a curve-graph-like graph, the group StabG(vn) contains a nonabelian free subgroup.
As ρ is action-type, it thus follows from [Kid10, Lemma 3.20] that H|Un is nonamenable.
Therefore H|U is nonamenable.
We now prove that H stably normalizes an amenable subgroupoid of G of infinite
type. By Assumption 3.(a) from the definition of a curve-graph-like G-graph, for every
n ∈ N, the group StabG(vn) contains an infinite normal amenable subgroup An. Since ρ
is action-type, it follows that An := ρ
−1(An)|Yn is a subgroupoid of G|Yn of infinite type,
it is amenable and normalized by H|Yn . This concludes our proof.
Proposition 5.18. Let G be a countable group, and let Θ be a curve-graph-like G-graph.
Let G be a discrete measured groupoid over a base space Y , and let ρ : G → G be a strict
action-type cocycle. Let H be a measured subgroupoid of G. Assume that H is everywhere
nonamenable and stably normalizes an amenable subgroupoid of G of infinite type.
Then there exists a stably (H, ρ)-invariant Borel map Y → V (Θ).
Proof. LetA be an amenable subgroupoid of G of infinite type which is stably normalized
by H. Let U ⊆ Y of maximal measure such that there exists a stably (A|U , ρ)-invariant
Borel map U → V (Θ): the existence of such a set U follows from the observation that
if (Un)n∈N is a sequence of Borel subsets of Y such that for every n ∈ N, there exists a
stably (A|Un , ρ)-invariant Borel map towards V (Θ), then combining these maps yields
a stably (A|∪Un , ρ)-invariant Borel map towards V (Θ) (see also [Kid08, Lemma 4.16]).
Then for every Borel subset V ⊆ Y \ U of positive measure, there does not exist any
(A|V , ρ)-invariant Borel map V → V (Θ).
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We claim that U has full measure. Indeed, assume towards a contradiction that Y \U
has positive measure. Using Lemma 5.9, we see that (A|Y \U , ρ) is irreducible. Hence
Proposition 5.13 implies that H|Y \U is amenable, which yields the desired contradiction.
Therefore U = Y up to null sets, so there exists a stably (A, ρ)-invariant Borel map
Y → V (Θ). Proposition 5.10 then implies that there exists a stably (H, ρ)-invariant
Borel map Y → V (Θ).
Lemma 5.19. Let G be a countable group, and let Θ be a curve-graph-like G-graph. Let
G be a discrete measured groupoid over a base space Y , and let ρ : G → G be a strict
action-type cocycle. Let φ, φ′ : Y → V (Θ) be two Borel maps, and let H (resp. H′) be
the (G, ρ)-stabilizer of φ (resp. φ′).
If H is stably contained in H′, then φ and φ′ are almost everywhere equal.
Proof. Assuming that φ and φ′ differ on a Borel subset of Y of positive measure, we
will prove that H is not stably contained in H′. As V (Θ) is countable, we can find a
Borel subset U ⊆ Y of positive measure such that φ|U and φ
′
|U are both constant, with
distinct values v and v′. Using Assumption 4.(b) from the definition of a curve-graph-
like G-graph, we can find an infinite-order element g ∈ G that fixes v but not v′. Then
ρ−1(〈g〉)|U is contained in H|U . But as ρ is action-type, for every Borel subset V ⊆ U
of positive measure, the subgroupoid ρ−1(〈g〉)|V is not contained in H
′
|V . Therefore H is
not stably contained in H′.
By combining all the above statements, we reach the following proposition.
Proposition 5.20. Let G be a countable group, and let Θ be a curve-graph-like G-
graph. Let G be a measured groupoid over a base space Y , let ρ : G → G be a strict
action-type cocycle, and let H be a measured subgroupoid of G. The following assertions
are equivalent.
(i) There exists a Borel map ψ : Y → V (Θ) such that H is stably equivalent to the
(G, ρ)-stabilizer of ψ.
(ii) The following two properties hold:
(P1) The groupoid H is everywhere nonamenable and stably normalizes an amenable
normal subgroupoid of infinite type of G.
(P2) The groupoid H is stably maximal with respect to Property (P1), i.e. if H
′ is
another subgroupoid of G that satisfies (P1), and if H is stably contained in
H′, then H is stably equivalent to H′.
Proof. We first prove that (i) ⇒ (ii). Assume that there exists a Borel map ψ : Y →
V (Θ) such that H is stably equivalent to the (G, ρ)-stabilizer of ψ. Then Proposi-
tion 5.17 implies that H satisfies Property (P1). To show Property (P2), let H
′ be
another subgroupoid of G that satisfies (P1) such that H is stably contained in H
′. Then
Proposition 5.18 implies that there exists a Borel map ψ′ : Y → V (Θ) such that H′ is
stably contained in the (G, ρ)-stabilizer of ψ′. In particular H is stably contained in the
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(G, ρ)-stabilizer of ψ′, so Lemma 5.19 implies that ψ and ψ′ coincide almost everywhere.
Therefore H′ is stably contained in H, showing that H satifies Property (P2).
We now prove that (ii) ⇒ (i). Assume that H satisfies Properties (P1) and (P2).
Since H satisfies Property (P1), Proposition 5.18 ensures that there exists a Borel map
ψ : Y → V (Θ) such that H is stably contained in the (G, ρ)-stabilizer H′ of ψ. Proposi-
tion 5.17 implies that H′ also satisfies Property (P1). Therefore, Property (P2) ensures
that H is stably equivalent to H′, so (i) holds.
5.5 Characterizing adjacency
Proposition 5.21. Let G be a countable group, and let Θ be a curve-graph-like G-graph.
Let G be a discrete measured groupoid over a base space Y , and let ρ : G → G be a strict
action-type cocycle. Let φ : Y → V (Θ) and φ′ : Y → V (Θ) be two Borel maps. The
following assertions are equivalent.
(i) For a.e. y ∈ Y , the vertices φ(y) and φ′(y) are either equal or adjacent.
(ii) Let H be a subgroupoid of G which is stably equivalent to the (G, ρ)-stabilizer of φ,
and let H′ be a subgroupoid of G which is stably equivalent to the (G, ρ)-stabilizer of
φ′. Let H′′ be a measured subgroupoid of G that satisfies Properties (P1) and (P2)
from Proposition 5.20. If H ∩ H′ is stably contained in H′′, then there exists a
Borel partition Y = Y1 ⊔ Y2 such that H
′′
|Y1
is stably contained in H|Y1 and H
′′
|Y2
is
stably contained in H′|Y2.
Proof. We first prove that (i) ⇒ (ii). Assume that for a.e. y ∈ Y , the vertices φ(y)
and φ′(y) are either equal or adjacent. Let H (resp. H′) be a subgroupoid of G which is
stably equivalent to the (G, ρ)-stabilizer of φ (resp. φ′), and let H′′ be a subgroupoid of
G that satisfies Properties (P1) and (P2) from Proposition 5.20. Assume that H ∩H
′ is
stably contained in H′′.
Since H′′ satisfies Properties (P1) and (P2) from Proposition 5.20, it follows from
this proposition that there exists a Borel map φ′′ : Y → V (Θ) such that H′′ is stably
equivalent to the (G, ρ)-stabilizer of φ′′. Let Y ∗ = ⊔Un be a countable Borel partition of
a conull subset Y ∗ ⊆ Y such that for every n ∈ N,
1. the maps φ, φ′, φ′′ are constant in restriction to Yn, with respective values vertices
vn, v
′
n, v
′′
n, and
2. the groupoid (H ∩H′)|Un is contained in H
′′
|Un
, and
3. the groupoids H|Un ,H
′
|Un
,H′′|Un are equal to the (G|Un , ρ)-stabilizers of the constant
maps with values vn, v
′
n, v
′′
n, respectively.
Then (H∩H′)|Un is equal to ρ
−1(StabG(vn)∩ StabG(v
′
n))|Un , and it stabilizes v
′′
n. Using
the fact that ρ is action-type, every element in StabG(vn) ∩ StabG(v
′
n) has a power that
belongs to ρ((H ∩ H′)|Un). But as vn and v
′
n are equal or adjacent, Assumption 4.(c)
from the definition of a curve-graph-like G-graph ensures that the only vertices of Θ
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which are stabilized by a power of every element of StabG(vn) ∩ StabG(v
′
n) are vn and
v′n. Therefore v
′′
n is equal to either vn or v
′
n. Assertion (ii) follows by letting Y1 be the
union of all Un for which v
′′
n = vn (together with Y \ Y
∗) and letting Y2 be the union of
all other Un.
We now prove that ¬(i)⇒ ¬(ii). Assume that (i) fails. Let H be the (G, ρ)-stabilizer
of φ, and let H′ be the (G, ρ)-stabilizer of φ′. Then there exists a Borel subset U ⊆ Y of
positive measure such that
1. the maps φ|U and ψ|U are both constant with respective values two distinct vertices
v and v′ which are not adjacent in Θ, and
2. the groupoids H|U ,H
′
|U are equal to the (G|U , ρ)-stabilizers of v, v
′, respectively.
As v and v′ are distinct and non-adjacent, Assumption 4.(c) from the definition of a
curve-graph-like G-graph ensures that we can then find a vertex v′′ ∈ Θ distinct from
both v and v′ such that StabG(v) ∩ StabG(v
′) is contained in StabG(v
′′). Let H′′ be a
subgroupoid of G such that H′′|U is equal to the (G|U , ρ)-stabilizer of v
′′, and H′′|Y \U =
H|Y \U . Then H ∩H
′ is stably contained in H′′. Moreover, H′′ satisfies Properties (P1)
and (P2) by Proposition 5.20. By Lemma 5.19, for every Borel subset V ⊆ U of positive
measure, the constant map V → {v′′} is essentially the unique (H′′|V , ρ)-invariant Borel
map from V to V (Θ). Thus for every Borel subset V ⊆ U , the subgroupoid H′′|V is
neither stably contained in H|V nor in H
′
|V . Therefore (ii) fails.
5.6 End of the proof
The goal of the present section is to complete the proof of Theorem 5.5.
Lemma 5.22. Let G1 and G2 be two countable groups. For every i ∈ {1, 2}, let Θi be
a curve-graph-like Gi-graph. Let G be a measured groupoid over a base space Y , and let
ρ1 : G → G1 and ρ2 : G → G2 be two strict action-type cocycles.
For every Borel map φ1 : Y → V (Θ(G1)), there exists an essentially unique Borel
map φ2 : Y → V (Θ(G2)) such that the (G, ρ1)-stabilizer of φ1 is stably equivalent to the
(G, ρ2)-stabilizer of φ2.
In this situation, we say that φ2 is the (G, ρ1, ρ2)-image of φ1.
Proof. The essential uniqueness of φ2 follows from Lemma 5.19. We now prove its
existence.
LetH be the (G, ρ1)-stabilizer of φ1, a subgroupoid of G. By the implication (i)⇒ (ii)
of Proposition 5.20 (applied to the cocycle ρ1), the groupoid H satisfies Properties (P1)
and (P2). By the implication (ii) ⇒ (i) of Proposition 5.20 (applied to the cocycle ρ2),
there exists a Borel map φ2 : Y → V (Θ(G2)) such that H is stably equivalent to the
(G, ρ2)-stabilizer of φ2.
As a consequence of our characterization of adjacency given in Proposition 5.21, we
also get the following.
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Lemma 5.23. Let G1 and G2 be two countable groups. For every i ∈ {1, 2}, let Θi be
a curve-graph-like Gi-graph. Let G be a discrete measured groupoid over a base space Y ,
and let ρ1 : G → G1 and ρ2 : G → G2 be two strict action-type cocycles.
Let φ1, φ
′
1 : Y → V (Θ(G1)) and φ2, φ
′
2 : Y → V (Θ(G2)) be Borel maps. Assume that
the (G, ρ1)-stabilizer of φ1 is stably equivalent to the (G, ρ2)-stabilizer of φ2, and that
the (G, ρ1)-stabilizer of φ
′
1 is stably equivalent to the (G, ρ2)-stabilizer of φ
′
2. Then the
following assertions are equivalent.
(i) For a.e. y ∈ Y , the vertices φ1(y) and φ
′
1(y) are either equal or adjacent.
(ii) For a.e. y ∈ Y , the vertices φ2(y) and φ
′
2(y) are either equal or adjacent.
Proof. By symmetry, it is enough to prove (i) ⇒ (ii). Assume that for a.e. y ∈ Y , the
vertices φ1(y) and φ
′
1(y) are either equal or adjacent. Let H (resp. H
′) be the (G, ρ)-
stabilizer of φ1 (resp. φ
′
1), and let H
′′ be a subgroupoid of G that satisfies Properties (P1)
and (P2) from Proposition 5.20. Assume that H ∩H
′ is stably contained in H′′. Then
by the implication (i) ⇒ (ii) from Proposition 5.21 applied to ρ1, there exists a Borel
partition Y = Y1 ⊔ Y2 such that H
′′
|Y1
is stably contained in H|Y1 and H
′′
|Y2
is stably
contained in H′|Y2 . By the implication (ii)⇒ (i) from Proposition 5.21 applied to ρ2, it
follows that for a.e. y ∈ Y , the vertices φ2(y) and φ
′
2(y) are either equal or adjacent, as
required.
We are now in position to complete our proof of Theorem 5.5.
Proof of Theorem 5.5. We first prove that if G1 and G2 are measure equivalent, then the
graphs Θ(G1) and Θ(G2) are isomorphic. By the first assertion from Proposition 4.10,
we can find a measured groupoid G over a base space Y of positive measure, and two
strict action-type cocycles ρ1 : G → G1 and ρ2 : G → G2.
Given a vertex v in Θ(G1), we let φ1,v : Y → V (Θ(G1)) be the constant map with
value v. We let φ2,v : Y → V (Θ(G2)) be the (G, ρ1, ρ2)-image of φ1,v. We define a Borel
map θ : Y × V (Θ(G1)) → V (Θ(G2)) by letting θ(y, v) := φ2,v(y) for every y ∈ Y and
every v ∈ V (Θ(G1)). The fact that Θ(G1) and Θ(G2) are isomorphic will follow from
the following claim.
Claim. For a.e. y ∈ Y , the map θ(y, ·) is a graph isomorphism from Θ(G1) to Θ(G2).
Proof of Claim. First, for a.e. y ∈ Y , the map v 7→ θ(y, v) is injective. Indeed, otherwise,
there exists a Borel subset U ⊆ Y of positive measure and two distinct vertices v, v′ ∈
V (Θ(G1)) such that for a.e. y ∈ U , one has θ(y, v) = θ(y, v
′). This means that the
(G|U , ρ1)-stabilizer H of the constant map with value v and the (G|U , ρ1)-stabilizer H
′
of the constant map with value v′ are both stably equivalent to the (G|U , ρ2)-stabilizer
of θ(·, v) – in particular H and H′ are stably equivalent. This is a contradiction to
Lemma 5.19.
Second, it follows from Lemma 5.23 that for a.e. y ∈ Y , the map θ(y, ·) preserves
adjacency and non-adjacency.
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Third, for a.e. y ∈ Y , the map θ(y, ·) : V (Θ(G1))→ V (Θ(G2)) is surjective. Indeed,
let w ∈ V (Θ(G2)), and let ψ2,w : Y → V (Θ(G2)) be the constant map with value w.
Let ψ1,w : Y → V (Θ(G1)) be the (G, ρ2, ρ1)-image of ψ2,w. Consider a Borel partition
Y = ⊔n∈NYn such that for every n ∈ N, the map (ψ1,w)|Yn is constant, with value a
vertex wn. Then (ψ2,w)|Yn is the (G|Yn , ρ1, ρ2)-image of (φ1,wn)|Yn . This implies that the
restriction to Yn of the (G, ρ1, ρ2)-image of φ1,wn is constant with value w. Therefore, for
a.e. y ∈ Yn, we have θ(y,wn) = w. In particular, for a.e. y ∈ Yn, the vertex w belongs
to the image of θ(y, ·). As this is true for every n ∈ N, this finishes the proof of our
claim.
We have just built a Borel map θ˜ : Y → Isom(Θ(G1) → Θ(G2)). In view of Propo-
sition 4.10, in order to prove that Isom(Θ(G1)→ Θ(G2)) is a universal (G1, G2)-factor,
we are left showing that θ˜ is almost (ρ1, ρ2)-equivariant, i.e. there exists a conull Borel
subset Y ∗ ⊆ Y such that for all g ∈ G|Y ∗ , one has θ˜(r(g)) = (ρ1(g), ρ2(g))θ˜(s(g)). This
amounts to proving that for all g ∈ G|Y ∗ and every v ∈ V (Θ(G1)), one has
θ(r(g), ρ1(g)v) = ρ2(g)θ(s(g), v).
Given g1 ∈ G1, g2 ∈ G2, v1 ∈ V (Θ(G1)) and v2 ∈ V (Θ(G2)), we let
Gg1,g2,v1,v2 := {g ∈ G|ρ1(g) = g1, ρ2(g) = g2, φ2,v1(s(g)) = v2}.
Notice that for a fixed v1, the subsets Gg1,g2,v1,v2 form a Borel partition of G. Therefore,
it is enough to fix g1 ∈ G1, g2 ∈ G2, v1 ∈ V (Θ(G1)) and v2 ∈ V (Θ(G2)) and prove that
there exists a conull Borel subset Y ∗ ⊆ Y such that for all g ∈ Gg1,g2,v1,v2 ∩G|Y ∗ , one has
θ(r(g), ρ1(g)v1) = ρ2(g)θ(s(g), v1), in other words θ(r(g), g1v1) = g2v2.
Let A := s(Gg1,g2,v1,v2) and B := r(Gg1,g2,v1,v2). It is enough to show that for a.e. y ∈
B, one has θ(y, g1v1) = g2v2, in other words that (φ2,g1v1)|B coincides almost everywhere
with the constant map with value g2v2. Notice that the (G|B , ρ1)-stabilizer of the constant
map φ1,g1v1 is equal to the subgroupoid made of all gh(g
′)−1 with g, g′ ∈ Gg1,g2,v1,v2 and
h in the (G|A, ρ1)-stabilizer of φ1,v1 . Likewise, the (G|B, ρ2)-stabilizer of the constant map
with value g2v2 is equal to the subgroupoid made of all gh
′(g′)−1 with g, g′ ∈ Gg1,g2,v1,v2
and h′ in the (G|A, ρ2)-stabilizer of the constant map with value v2. By definition of
Gg1,g2,v1,v2 , the (G|A, ρ1)-stabilizer of φ1,v1 is stably equivalent to the (G|A, ρ2)-stabilizer
of the constant map with value v2. Therefore, the (G|B , ρ1)-stabilizer of φ1,g1v1 is stably
equivalent to the (G|B , ρ2)-stabilizer of the constant map with value g2v2. This proves
that for a.e. y ∈ B, one has θ(y, g1v1) = g2v2, as required. This completes our proof.
6 Curve graphs for Artin groups
Building upon earlier work of Crisp [Cri05], we now introduce an analogue of the curve
graph for a 2-dimensional Artin group GΓ of hyperbolic type. This graph can be un-
derstood in two different ways: geometrically, the fixed set graph encodes the intersec-
tion pattern of standard trees in the modified Deligne complex of GΓ; algebraically, the
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graph of standard abelian subgroups encodes the commutation pattern of various natu-
ral abelian subgroups of GΓ. These graphs are intimately related: the graph of standard
abelian subgroups turns out to be GΓ-equivariantly isomorphic to the core subgraph of
the fixed set graph. We will thoroughly study vertex and edge stabilizers of these graphs:
this will enable us to check that the fixed set graph is indeed a curve-graph-like G-graph
as defined in the previous section and conclude our proof of measure equivalence rigidity
statements for Artin groups in the next section.
In this section, we let GΓ be a 2-dimensional Artin group of hyperbolic type with
defining graph Γ. As in Section 1, we denote by DΓ the modified Deligne complex of Γ,
and by D∗Γ its coned-off Deligne complex. We recall also that given g ∈ GΓ, we denote
by Fg the set of fixed points of g in DΓ. We start by analyzing stabilizers in the modified
Deligne complex a bit further.
6.1 Stabilizers in the modified Deligne complex
The following lemma due to Crisp will be used extensively in the present section.
Lemma 6.1 (Crisp [Cri05, Lemma 8]). Let GΓ be a 2-dimensional Artin group of hy-
perbolic type with defining graph Γ, and let g ∈ GΓ \ {1}.
1. If g = hsmh−1 is conjugate to a nontrivial power of a standard generator s, then
Fg = Fhsh−1 is a standard tree.
2. If g is conjuate into an edge subgroup but not conjugate to a power of any standard
generator, then Fg is reduced to a single rank 2 vertex.
3. If g is not conjugate into an edge subgroup, then Fg = ∅.
The following lemma will also be useful.
Lemma 6.2. Let GΓ be a 2-dimensional Artin group with defining graph Γ, and let T1
and T2 be two standard trees in DΓ. If T1 ∩T2 contains a rank one vertex, then T1 = T2.
Proof. Let x ∈ T1 ∩ T2 be a rank one vertex. Then there exist a unique element g ∈ GΓ
and a unique standard generator s of GΓ such that x = gVs. Let h := gsg
−1, so that
Stab(x) = 〈h〉. For every i ∈ {1, 2}, let gi be a conjugate of a standard generator such
that Ti = Fgi . Then gi ∈ Stab(x), so gi = h
mi for some mi 6= 0. Using the first assertion
from Lemma 6.1, we get T1 = Fhm1 = Fh = Fhm2 = T2.
6.2 The fixed set graph
A rank 2 vertex gGst of the modified Deligne complex DΓ is irreducible if mst ≥ 3 and is
reducible if mst = 2. Following Crisp [Cri05, Section 4], we make the following definition.
Definition 6.3 (Fixed set graph). Let GΓ be a 2-dimensional Artin group of hyperbolic
type with defining graph Γ.
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1. The modified fix set graph Θ′Γ is the graph having one vertex (of type I) for every
standard tree of DΓ, one vertex (of type II) for every irreducible rank 2 vertex of
DΓ, where two different vertices v1 and v2 are joined by an edge if either
(a) v1 is type I, v2 is type II and the standard tree associated with v1 contains the
rank 2 vertex associated with v2, or
(b) both v1 and v2 are of type I, and there exist commuting elements g1 and g2
such that for every i ∈ {1, 2}, the standard tree corresponding to vi is Fgi .
2. The fixed set graph ΘΓ is the core subgraph of Θ
′
Γ, i.e. the subgraph obtained by
removing all isolated vertices and all edges containing a valence one vertex.
Note that ΘΓ and Θ
′
Γ have the same collection of type II vertices. However, vertices
of type I in ΘΓ correspond to standard trees Fg where g is conjugate to a standard
generator associated to a vertex of Γ with valence at least 2 – in particular ΘΓ = Θ
′
Γ
when Γ has no isolated vertex and no valence 1 vertex.
Remark 6.4. We would like to make a few comments on Definition 6.3.
1. When GΓ is of large type (i.e. all edge labels in Γ are at least 3), the definition of
the fixed set graph coincides with the one given by Crisp [Cri05, Section 4]: in this
case Θ′Γ is a bipartite graph having one vertex (of type I) for every standard tree
T , one vertex (of type II) for every vertex x of DΓ that belongs to more than one
standard tree, with an edge joining x to T whenever x ∈ T . One reason to prefer
the above definition in general is to relate Θ′Γ to the graph of standard abelian
subgroups described later in this section (Definition 6.15).
2. The assumption of hyperbolic type has not been used in Definition 6.3. The reason
for this requirement is that we intend to define an analogous object to the curve
graph in the case of mapping class groups. However, when the Artin group is not
of hyperbolic type, it seems that the correct analogue of the curve graph needs to
be defined in a different way, see [HO17, Definitions 10.3 and 10.7].
We denote by V (ΘΓ) the vertex set of ΘΓ.
Lemma 6.5. Let G = GΓ be a 2-dimensional Artin group of hyperbolic type with defining
graph Γ. Then there is a G-equivariant Borel map f : D∗Γ → V (ΘΓ). Moreover, we can
choose f to be a quasi-isometry from D∗Γ to ΘΓ.
Proof. Let B ⊆ D∗Γ be the union of rank two vertices and cone vertices. By definition
there is a natural G-equivariant bijection g : B → V (Θ). It remains to define a Borel
G-equivariant retraction D∗Γ → B. We decompose D
∗
Γ into the disjoint union of interior
of simplices of D∗Γ, and send the interior of a simplex ∆ to a point v in B such that ∆
and v are contained in the same simplex (such v always exists, but might not be unique).
This map can be made equivariant as the stabilizer of any point in ∆ is contained in
Stab(v), which gives the desired retraction. The quasi-isometry statement follows from
the observation that both g and g−1 are coarsely Lipschitz, and the Hausdorff distance
between B and D∗Γ is finite.
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Lemma 6.6. Let G = GΓ be a 2-dimensional Artin group of hyperbolic type with defining
graph Γ. Suppose that Γ is not an edge, and that Γ does not have a vertex v such that
every other vertex of Γ is adjacent to v along an edge labeled by 2.
Then the conjugacy class of every nontrivial element of GΓ is infinite. If in addition
the natural homomorphism GΓ → Aut(ΘΓ) has finite-index image and Aut(ΘΓ) con-
tains no finite normal subgroup, then the conjugacy class of every nontrivial element of
Aut(ΘΓ) is infinite in Aut(ΘΓ).
Proof. If follows from [MP19] that the action of GΓ on its coned-off Deligne complex is
acylindrical. If Γ satisfies the assumptions from the lemma, then D∗Γ is unbounded, so
GΓ is acylindrically hyperbolic. Since GΓ is torsion-free, the conclusion for GΓ follows
from a general property for acylindrically hyperbolic groups [DGO17, Theorem 2.35].
Each vertex of ΘΓ can be identified with a cone vertex or a rank 2 vertex of D
∗
Γ.
This identification extends to a GΓ-equivariant embedding ΘΓ → D
∗
Γ which is a quasi-
isometry. Thus the action of GΓ on ΘΓ is acylindrical. Under the extra assumptions, the
action of Aut(ΘΓ) on ΘΓ is also acylindrical, so Aut(ΘΓ) is also acylindrically hyperbolic.
Since Aut(ΘΓ) does not contain any finite normal subgroup by assumption, again the
conclusion follows from [DGO17, Theorem 2.35].
6.3 Standard abelian subgroups
In the sequel, we will often blur the distinction between vertices of the defining graph Γ
and the associated standard generators of GΓ. Given two vertices s, t of Γ that span an
edge in Γ with 2 < mst < ∞, we let Zst be the center of Gst: this is an infinite cyclic
subgroup generated by (st)mst if mst is odd, and by (st)
mst/2 if mst is even, as Gst is
itself an Artin group whose defining graph is an edge (Theorem 1.2).
Definition 6.7 (Standard abelian subgroups). Let GΓ be a 2-dimensional Artin group
of hyperbolic type with defining graph Γ. A standard abelian subgroup of GΓ is either
the trivial subgroup or one of the following:
(1) a conjugate of Gst for s, t ∈ V Γ with mst = 2;
(2) a conjugate of 〈s, Zst〉 where s, t ∈ V Γ satisfy 2 < mst <∞;
(3) a conjugate of Zst where s, t ∈ V Γ satisfy 2 < mst <∞;
(4) a conjugate of Gs for s ∈ V Γ.
Lemma 6.8. Let s, t ∈ V Γ with mst <∞.
1. Let H be a standard abelian subgroup of type (3) in GΓ. If H ⊆ Gst, then mst > 2
and H = Zst.
2. Let H be a standard abelian subgroup of type (4) in GΓ. If H ⊆ Gst, then H is
conjugate inside Gst to either Gs or Gt.
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Proof. We first prove Assertion 1. Note that if H = gZs′t′g
−1, then H fixes the vertex
y′ of DΓ corresponding to gGs′t′ . Moreover, the fix point set of H is {y
′} by the second
point in Lemma 6.1. On the other hand, the fix point set of Gst is a singleton {y}. Since
H ⊆ Gst, we have y = y
′. Therefore g = {Id} and Gst = Gs′t′ . Assertion 1 follows.
We now prove Assertion 2. Let H be a standard abelian subgroup of type (4) in
GΓ. Then H is equal to the GΓ-stabilizer of some rank 1 vertex x ∈ DΓ. The fix point
set of H is a standard tree T . Let y ∈ DΓ be the vertex corresponding to Gst. Then
y ∈ T – in particular T contains at least two distinct vertices. Let x′ ∈ T be a rank
1 vertex adjacent to y (this always exists by the bipartite structure on T ). Then there
exists g ∈ Gst such that x
′ = gGs or x
′ = gGt, so Stab(x
′) is conjugate in Gst to either
Gs or Gt. Let now T
′ be the standard tree which is the fix point set of Stab(x′). By
Lemma 6.2, we have T = T ′. So Stab(x) fixes x′ and Stab(x′) fixes x, showing that
H = Stab(x) = Stab(x′). It follows that H is conjugate inside Gst to either Gs or
Gt.
Lemma 6.9. Two distinct rank 1 standard abelian subgroups H1 and H2 commute if
and only if they generate a rank 2 standard abelian subgroup. In this case, one of the
following holds:
1. There exist s, t ∈ VΓ with mst = 2 and g ∈ GΓ such that H1 = g〈s〉g
−1 and
H2 = g〈t〉g
−1 (and in this case 〈H1,H2〉 = gGstg
−1 is of type (1)).
2. There exist s, t ∈ VΓ with 2 < mst < +∞ and g ∈ GΓ such that {H1,H2} =
{gZstg
−1, g〈s〉g−1} (and in this case 〈H1,H2〉 = g〈s, Zst〉g
−1 is of type (2)).
Proof. Let H1 and H2 be two distinct commuting rank 1 standard abelian subgroups;
we aim to show that 〈H1,H2〉 is a rank 2 standard abelian subgroup. Notice that both
H1 and H2 are of type (3) or (4).
We first consider the case where at least one of the Hi (say H1) is of type (3). Up
to conjugating both H1 and H2, we can assume that H1 = Zst for some s, t ∈ V Γ with
2 < mst <∞. Let x ∈ DΓ be the vertex associated with Gst. By the second assertion in
Lemma 6.1, the fix point set of Zst is {x}. Thus H2 fixes x, so H2 ⊆ Gst. If H2 is of type
(3), then the first assertion of Lemma 6.8 implies that H2 = H1, a contradiction. Thus
H2 of type (4). The second assertion of Lemma 6.8 thus implies that H2 is conjugate
inside Gst to either Gs or Gt. Thus 〈H1,H2〉 is a standard abelian subgroup of type (2).
We are left with the case where both H1 and H2 are of type (4). For every i ∈ {1, 2},
the fix point set of Hi is standard subtree, denoted by Ti. Notice that T1 6= T2, because
for every i ∈ {1, 2}, the rank one vertex associated to Hi belongs to Ti but not to Tj with
j 6= i. As H1 and H2 commute, H1 stabilizes T2. Since H1 acts elliptically on DΓ, in
particular it acts elliptically on T2 and therefore fixes a point in T2. Hence T1 ∩ T2 6= ∅.
By Lemma 6.2, the intersection T1 ∩ T2 is a single vertex of rank 2. Up to conjugation,
we assume this vertex corresponds to Gst. Both H1 and H2 fix this vertex, so H1 and
H2 are both contained in Gst. By the first assertion of Lemma 6.8, for every i ∈ {1, 2},
the group Hi is conjugate inside Gst to either Gs or Gt. As H1 and H2 commute, it
follows from Lemma 6.10 below due to Crisp that mst = 2 and 〈H1,H2〉 = Gst.
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Lemma 6.10 (Crisp [Cri05, Lemma 7(iii)]). Let s and t be two standard generators with
2 < mst <∞. Let u, v ∈ Gst be two elements, each of which is conjugate in Gst to either
s or t. If there exist k, l ∈ Z \ {0} such that uk and vl commute, then u = v.
6.4 Intersections and chains of standard abelian subgroups
The goal of the present section is to bound the length of a decreasing chain of standard
abelian subgroups (Corollary 6.13 below).
Lemma 6.11. Let s and t be two standard generators with 2 < mst <∞.
1. If h ∈ Gst satisfies h
−1skh ∈ Gs for some integer k 6= 0, then h ∈ 〈s, Zst〉. In
particular, the normalizer NGst(s) is equal to 〈s, Zst〉.
2. Let u, v ∈ Gst be two elements, each of which is conjugate in Gst to either s or t.
If Fu = Fv, then 〈u,Zst〉 = 〈v, Zst〉. If Fu 6= Fv, then 〈u,Zst〉 ∩ 〈v, Zst〉 = 〈Zst〉.
Proof. The first assertion is a special case of [Par97, Theorem 5.2]. The first part of
(2) is clear as Fu = Fv if and only if 〈u〉 = 〈v〉. For the second part of (2), take
h ∈ 〈u,Zst〉 ∩ 〈v, Zst〉. Then h = u
k1Zk2st = v
k3Zk4st . It suffices to show k1 = 0 or k3 = 0.
Suppose k1 6= 0 and k3 6= 0. Then u
k1 = vk3Zk4−k2st , which implies that u
k1 commutes
with vk3 . But Lemma 6.10 then implies that u = v, which contradicts Fu 6= Fv.
Lemma 6.12. The intersection of two standard abelian subgroups is a standard abelian
subgroup. Moreover, if a standard abelian subgroup is finite index in another standard
abelian subgroup, then they are equal.
Proof. Let H1 and H2 be two standard abelian subgroups. We first assume that either
H1 or H2, say H1, has rank 1. In this case, the lemma follows from the following claim:
if H1 has a finite index subgroup H
′
1 contained in H2, then H1 ⊆ H2. We now prove
this claim.
We first prove the claim when H2 also has rank 1. In this case, under the assumption
from the claim, the groups H1 and H2 are commensurable. Lemma 6.1 thus ensures that
H1 and H2 have the same set of fixed points in DΓ. It follows that they are either both of
type (3) or both of type (4). If they are both of type (3), they have the same fixed point
(corresponding to some Gst), and it then follows from the first assertion of Lemma 6.8
that H1 = H2 = Zst. If they are both of type (4), then they both fix a common rank 1
vertex of DΓ, and it follows that they are equal.
We now prove the claim when H2 has rank 2. By Lemma 6.1, the group H2 fixes a
unique rank 2 vertex x ∈ DΓ. Thus H
′
1 fixes x, and in fact H1 fixes x (as follows from
the first assertion of Lemma 6.1 if H1 is of type (4) and from the second assertion of
that lemma if H1 is of type (3)). Up to conjugation, we assume that x corresponds to
Gst ⊆ GΓ for s, t ∈ V Γ with mst < ∞. Then H1 ⊆ Gst and H2 ⊆ Gst. By Lemma 6.8,
we are reduced to the special case where GΓ = Gst. When GΓ = Gst, our claim follows
from Lemma 6.10 if H1 is of type (4) and H2 is of type (2), and is trivial in all other
cases.
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This concludes the proof of our claim, and finishes the proof of the lemma when
either H1 or H2 has rank 1. It remains to consider the case where both H1 and H2 are
of rank 2. By Lemma 6.1, for every i ∈ {1, 2}, the fix point set of Hi in DΓ is reduced
to a rank two vertex xi.
We first assume that x1 6= x2. We assume in addition that H1 ∩ H2 is nontrivial,
as otherwise the conclusion is obvious. The common stabilizer of x1 and x2 is therefore
infinite, so Lemma 6.1 implies that x1 and x2 are contained in a standard tree, and
H1 ∩H2 then fixes the geodesic segment x1x2 pointwise. As x1 6= x2, the segment x1x2
contains a rank one vertex x, and H1 ∩H2 ⊆ Stab(x). Let H = Stab(x), which is also a
standard abelian subgroup. Then H has a finite index subgroup contained in both H1
and H2. Hence H ⊆ H1 and H ⊆ H2 by the claim established at the beginning of this
proof. Therefore H1 ∩H2 = H.
We finally assume that x1 = x2. Then either both H1 and H2 are of type (1), in
which case H1 = H2, or they are both of type (2), of the form 〈u,Zst〉 and 〈v, Zst〉. Using
the second assertion of Lemma 6.8, we see that u and v are both conjugate in Gst to
either s or t. We can then conclude using the second assertion from Lemma 6.11.
Corollary 6.13. Let H1 ⊇ H2 ⊇ H3 ⊇ · · · be a non-ascending chain of standard abelian
subgroups. Then there exist at most two indices i such that Hi ) Hi+1.
Lemma 6.14. Let H ⊆ GΓ be a rank two standard abelian subgroup. Then H contains
exactly two rank one standard abelian subgroups.
Proof. We first assume that H is of type (1). Up to conjugation, we can assume that
H = Gst with mst = 2. Lemma 6.8 then implies that 〈s〉 and 〈t〉 are the only rank one
abelian subgroups of Gst.
We now assume that H is of type (2). Up to conjugation, we can assume that
H = 〈s, Zst〉 with 2 < mst <∞. Let H
′ ⊆ H be a standard abelian subgroup of rank 1.
By Lemma 6.8, either H ′ = 〈Zst〉, or H
′ is conjugate in Gst to either Gs or Gt. In the
latter case H ′ has a generator h which is a conjugate (in Gst) of s or t. As h commutes
with s, Lemma 6.10 implies that h = s. Therefore the only rank one standard abelian
subgroups contained in H12 are Zst and 〈s〉.
6.5 The graph of standard abelian subgroups
Definition 6.15 (Graph of standard abelian subgroups). Let GΓ be a 2-dimensional
Artin group of hyperbolic type with defining graph Γ. The graph of standard abelian
subgroups is the graph ΘsasΓ whose vertices are the rank 1 standard abelian subgroups
of GΓ, where two vertices are adjacent if the corresponding standard abelian subgroups
commute.
The group GΓ acts on Θ
sas
Γ by conjugation.
Proposition 6.16. There exists a GΓ-equivariant isomorphism between the graph of
standard abelian subgroups ΘsasΓ and the modified fixed set graph Θ
′
Γ.
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Proof. We first define a map Φ : VΘsasΓ → VΘ
′
Γ. Let H be a standard abelian subgroup
of type (3). By the second assertion of Lemma 6.1, the group H fixes a unique rank
2 vertex x ∈ DΓ. We send the vertex in Θ
sas
Γ associated with H to the vertex in Θ
′
Γ
associated with x. If H is a standard abelian subgroup of type (4), then the fix point
set of H in DΓ is a standard subtree, which corresponds to a vertex v in Θ
′
Γ; denoting
by vH the vertex of Θ
sas
Γ associated to H, we then let Φ(vH) = v.
It follows from Lemma 6.9 that Φ sends adjacent vertices of ΘsasΓ to adjacent vertices
of Θ′Γ, and therefore induces a graph map from Θ
sas
Γ to Θ
′
Γ. The GΓ-equivariance of this
map follows from its definition.
We now define a map Φ′ : VΘ′Γ → VΘ
sas
Γ . If a vertex v ∈ VΘ
′
Γ corresponds to
a coset gGst, then we define Φ
′(v) to be the vertex in VΘsasΓ associated with gZstg
−1
(this does not depend on the choice of g in the left coset as Zst is central in Gst). If a
vertex v ∈ VΘ′Γ corresponds to a standard subtree T , then we define Φ
′(v) to be the
vertex in VΘsasΓ corresponding to the stabilizer of a rank one vertex x ∈ T (this does
not depend on the choice of x by Lemma 6.2). It is a definition chase to check that Φ′ is
GΓ-equivariant and sends adjacent vertices to adjacent vertices (and therefore induces a
GΓ-equivariant graph map from VΘ
′
Γ to VΘ
sas
Γ ), and that Φ and Φ
′ are inverses of each
other. Thus ΘsasΓ and Θ
′
Γ are GΓ-equivariantly isomorphic graphs.
Corollary 6.17. There does not exist any element of GΓ which stabilizes an edge of ΘΓ
but flips the endpoints of this edge.
Proof. In view of Proposition 6.16, it suffices to prove the corollary for ΘsasΓ in place
of ΘΓ. Let H1 and H2 be two commuting abelian subgroups. By Lemma 6.9, up to
reversing the roles of H1 and H2, we can asume that either H1 is of type (3) and H2 is
of type (4), or else that they are both of type (4).
In the first case, by considering the homomorphism GΓ → Z which sends each stan-
dard generator to 1, we see that a standard abelian subgroup of type (3) is not conjugate
to one of type (4). Therefore H1 and H2 cannot be permuted by an element of GΓ in
this case.
In the second case where both H1 and H2 are of type (4), up to conjugation we can
assume that there exist s, t ∈ V Γ with mst = 2 such that H1 = 〈s〉 and H2 = 〈t〉. Let
g ∈ GΓ be such that gGstg
−1 = Gst. Let Fst be the fix point set of the Gst-action on
DΓ, which is reduced to the associated rank two vertex by Lemma 6.1. Then gFst = Fst,
which implies that g ∈ Gst. Therefore conjugation by g preserves both H1 and H2 (in
particular it does not flip them).
Proposition 6.18. The graphs Θ′Γ,ΘΓ and Θ
sas
Γ do not contain any 3-cycle.
Proof. In view of Proposition 6.16, it is enough to prove the corollary for the graph
ΘsasΓ . Suppose Θ
sas
Γ has a 3-cycle. Let H1,H2 and H3 be the rank one standard abelian
subgroups associated with the vertices of this 3-cycle. Let H be the subgroup of GΓ
generated by H1,H2 and H3. Then H is abelian. As GΓ is torsion-free, the group H
is free abelian. As GΓ has cohomogical dimension at most 2 [CD95], the group H has
rank 2. By Lemma 6.9, the subgroup H12 generated by H1 and H2 is a rank 2 standard
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abelian subgroup. Since H is of rank 2, the group H3 has a finite index subgroup
contained in H12. By the claim given in the first paragraph of the proof of Lemma 6.12,
we haveH3 ⊆ H12. ThereforeH1,H2 and H3 are three pairwise distinct rank one abelian
subgroups contained in H12, contradicting Lemma 6.14.
6.6 Vertex and edge stabilizers of the fixed set graph
We now provide a detailed study of stabilizers of vertices and edges of the graph Θ′Γ
(Lemmas 6.19 and 6.23, respectively). This will give us a characterization of adjacency in
Θ′Γ. This will be crucial in order to check that the fixed set graph satisfies Assumption 4
from the definition of a curve-graph-like GΓ-graph.
6.6.1 Vertex stabilizers
Lemma 6.19. Let v be a vertex of Θ′Γ.
1. If v is of type I (associated to a standard tree Fg) then there exists n ≥ 0 such
that Stab(v) is isomorphic to Fn × Z, where Fn is a free group of rank n, and the
Z factor is generated by g. If in addition v belongs to the core subgraph ΘΓ, then
n ≥ 2.
2. If v is of type II, then Stab(v) has infinite center and is virtually isomorphic to
Fn × Z with n ≥ 2.
Proof. When v is of type I, it was proved by Martin and Przytycki [MP19, Lemma 4.5]
that Stab(v) is isomorphic to Fn ×Z. The additional part of the lemma when v belongs
to the core subgraph ΘΓ follows from [Cri05, Lemma 9].
When v is of type II, the conclusion follows from the fact that when Γ is an edge,
the Artin group GΓ has infinite center and is virtually a direct product of a free group
by Z, see e.g. [Cri05, Section 2].
We record the following corollary for our application to boundary amenability of
2-dimensional Artin groups of hyperbolic type.
Corollary 6.20. The stabilizer of every vertex of the coned-off Deligne complex D∗Γ is
boundary amenable.
Proof. The stabilizer of a rank 0 vertex in DΓ is finite, the stabilizer of a rank 1 vertex
is cyclic, and Lemma 6.19 implies that the stabilizer of a rank 2 vertex or of a cone
vertex is virtually isomorphic to a direct product of a free group by Z, whence boundary
amenable.
6.6.2 Edge stabilizers
Lemma 6.21. Let v1 and v2 be two adjacent vertices in Θ
′
Γ such that v1 is of type I and
v2 is of type II. Then Stab(v1) ∩ Stab(v2) is a standard abelian subgroup of type (2), in
particular it is isomorphic to Z2.
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Proof. Up to conjugation, we can assume that there are adjacent vertices s, t of Γ with
mst ≥ 3 such that Stab(v2) = Gst, and that there exists an element g ∈ GΓ (conjugate
to a standard generator) such that Stab(v1) = Stab(Fg). Let x2 ∈ DΓ be the rank 2
vertex corresponding to Gst. As dΘ(v1, v2) = 1, we have x2 ∈ Fg. Let x1 ∈ Fg be a rank
1 vertex adjacent to x2. By the second assertion of Lemma 6.8, up to conjugating g by
an element of Gst, we can assume that x1 corresponds to the subgroup Gs or Gt (say
Gs). The first assertion of Lemma 6.1 implies that Fg = Fs.
We have 〈s, Zst〉 ⊆ Stab(v1) ∩ Stab(v2), and we will now prove that this inclusion is
in fact an equality. So let h ∈ Stab(v1) ∩ Stab(v2) – in other words h ∈ Gst ∩ Stab(Fs).
Then hx1 ∈ Fs, so s fixes hx1. This means that shGs = hGs, hence h
−1sh ∈ Gs, i.e. h
belongs to the normalizer of s in Gst. Lemma 6.11 thus implies that h ∈ 〈s, Zst〉, which
concludes our proof.
Again, we record the following corollary for our application to boundary amenability
of 2-dimensional Artin groups of hyperbolic type.
Corollary 6.22. The stabilizer of every edge of the coned-off Deligne complex D∗Γ is
abelian.
Proof. Let e ⊆ D∗Γ be an edge. Then every element in Stab(e) fixes e pointwise. Thus
it suffices to consider the case when e does not contain rank 1 or rank 0 vertices. In
this case e has a cone vertex and a rank 2 vertex, so Stab(e) is isomorphic to Z2 by
Lemma 6.21.
We are now in position to provide a full classification of edge stabilizers of the mod-
ified fixed set graph Θ′Γ.
Lemma 6.23. Let v1 and v2 be two distinct vertices of Θ
′
Γ.
1. If dΘ′
Γ
(v1, v2) = 1, then Stab(v1)∩ Stab(v2) is a rank 2 standard abelian subgroup.
2. If dΘ′
Γ
(v1, v2) = 2, then Stab(v1)∩ Stab(v2) is a rank 1 standard abelian subgroup.
3. If dΘ′
Γ
(v1, v2) ≥ 3, then Stab(v1) ∩ Stab(v2) is the trivial subgroup.
Proof. We will classify all possibilities for Stab(v1)∩ Stab(v2); the conclusion will follow
from our classification. Suppose Stab(v1)∩ Stab(v2) contains a nontrivial element g. As
GΓ is torsion-free, the element g has infinite order. Recall that each type II vertex of Θ
′
Γ
corresponds to a vertex in DΓ. If this type II vertex is vi, we will write the corresponding
vertex in DΓ by xi.
Case 1: Both v1 and v2 are of type II. Then the fix point set Fg of g in DΓ contains at
least two distinct points, namely x1 and x2. Lemma 6.1 thus implies that g is conjugate
to a standard generator, and Fg is a standard tree. Then Fg gives rise to a vertex in
Θ′Γ which is adjacent to both x1 and x2. We have dΘ′Γ(v1, v2) = 2: indeed, this distance
cannot be equal to 1 because Θ′Γ does not contain any 3-cycle (Proposition 6.18). It
follows from the bipartite structure of Fg that the geodesic segment x1x2 ⊆ Fg contains
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a rank 1 vertex x, and we have Stab(v1) ∩ Stab(v2) ⊆ Stab(x). Conversely, for every
nontrivial element h ∈ Stab(x), we have x ∈ Fg ∩ Fh, and Lemma 6.2 implies that
Fg = Fh. Thus h fixes x1 and x2. This shows that Stab(x) ⊆ Stab(v1) ∩ Stab(v2). In
summary Stab(v1) ∩ Stab(v2) = Stab(x) is a standard abelian subgroup isomorphic to
Z.
Case 2: The vertex v1 is of type I, and v2 is of type II. Let F1 be the standard tree
associated with v1, and let h be a conjugate of a standard generator such that F1 = Fh.
If x2 ∈ F1, then dΘ′
Γ
(v1, v2) = 1 and Stab(v1) ∩ Stab(v2) is a standard abelian subgroup
isomorphic to Z2 by Lemma 6.21.
Suppose x2 /∈ F1. Let x be the point in F1 closest to x2 (such a point is unique
because DΓ is CAT(0)). Since gx2 = x2 and gF1 = F1, we have gx = x. Hence g fixes
the geodesic segment between x2 and x pointwise (and this segment is not reduced to
a point because x2 /∈ F1). Using Lemma 6.1, we get the existence of a conjugate ℓ of
a standard generator such that g = ℓm for some m 6= 0. Let v′ be the vertex of Θ′Γ
associated with Fℓ. As x2 ∈ Fℓ, we have dΘ′
Γ
(v′, v2) = 1. In addition, as g preserves
F1 = Fh, the elements g and h commute, so h and ℓ virtually commute. It follows
from [God07, Theorem 3] that h and ℓ actually commute, from which we deduce that
dΘ′
Γ
(v′, v1) = 1 (notice that v
′ = v1 is ruled out as we are assuming that v2 /∈ F1).
Therefore dΘ′
Γ
(v1, v2) = 2. We then see that Stab(v1)∩ Stab(v2) is equal to 〈ℓ〉, which is
a standard abelian subgroup isomorphic to Z.
Case 3: Both v1 and v2 are of type I. For every i ∈ {1, 2}, let Fi be the standard tree
associated to vi, and let hi be a conjugate of a standard generator such that Fi = Fhi .
We first assume that F1 ∩ F2 6= ∅. It then follows from Lemma 6.2 that F1 ∩ F2 is
reduced to a single vertex x of rank 2. Up to conjugation we assume that Stab(x) = Gst
where s, t ∈ V Γ satisfy mst < ∞. For every i ∈ {1, 2}, let yi ∈ Fi be a rank 1 vertex
adjacent to x. Then for every i ∈ {1, 2}, there exist ri ∈ {s, t} and gi ∈ Gst such that yi
corresponds to the coset giGri . Lemma 6.2 shows that Fi = Fgirig−1i
. Hence we assume
hi = girig
−1
i .
If mst = 2, then h1 and h2 commute. Hence dΘ′
Γ
(v1, v2) = 1. Moreover, we have
Stab(v1) ∩ Stab(v2) = Stab(F1) ∩ Stab(F2) = Stab(x) = Gst.
If mst ≥ 3, then the vertex v ∈ Θ
′
Γ associated to x is adjacent to both v1 and v2, so
dΘ′
Γ
(v1, v2) = 2. Then
Stab(v1) ∩ Stab(v2) = (Stab(v1) ∩ Stab(v)) ∩ (Stab(v2) ∩ Stab(v)) = 〈h1, Zst〉 ∩ 〈h2, Zst〉
where the last equality follows from the argument in Lemma 6.21. As F1 6= F2, the
second statement from Lemma 6.11 then implies that Stab(v1) ∩ Stab(v2) = 〈Zst〉.
We now assume that F1 ∩ F2 = ∅. We first claim that g acts elliptically on DΓ.
Otherwise g has an axis ℓg ⊆ DΓ. By Lemma 6.19, the element g commutes with both
h1 and h2. We now argue as in the last paragraph of the proof of [Cri05, Lemma 11].
Namely, the axis ℓg has a parallel set [BH99, Theorem II.6.8], which in our case is of the
form Pg = ℓg×T , where T is a tree. The centralizer CG(g) of g is contained in Stab(Pg).
As GΓ is of hyperbolic type, the tree T is bounded, so the factor action CG(g)y T fixes
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a point u ∈ T . For every i ∈ {1, 2}, we have hi ∈ CG(g
p), and hi acts elliptically on DΓ.
Therefore h1 and h2 both fix the line ℓ = ℓg×{u} pointwise. We thus have ℓ ⊆ Fh1∩Fh2 ,
which yields a contradiction. The claim follows.
We now observe that for every i ∈ {1, 2}, we have Fg ∩ Fi 6= ∅. Indeed, the element
g fixes Fg pointwise and preserves Fi. Therefore, for every x ∈ Fg, the element g fixes
the point xi in Fi which is nearest to x (such a point is unique because DΓ is CAT(0)).
This implies that xi ∈ Fg, so Fg ∩ Fi 6= ∅.
By Lemma 6.1, either Fg is a rank 2 vertex, or Fg is a standard subtree. The former
case implies that F1 ∩F2 6= ∅, contradicting our assumption. Therefore Fg is a standard
subtree. Then g commutes with both h1 and h2 by Lemma 6.19. Let v be the vertex
in Θ′Γ associated with Fg. Then for every i ∈ {1, 2}, the vertices v and vi are adjacent.
Hence dΘ′
Γ
(v1, v2) = 2.
Take any nontrivial g′ ∈ Stab(v1)∩Stab(v2) with g
′ 6= g. We claim that Fg′ = Fg. By
the previous discussion Fg′ is a standard subtree; let v
′ ∈ Θ′Γ be the corresponding vertex.
The element g′ commutes with both h1 and h2. Suppose by contradiction that Fg′ 6= Fg.
As Θ′ does not have any 3-cycle by Proposition 6.18, we have dΘ′(v
′, v) = 2. So g and g′
do not commute, and by [God07, Theorem 3] they do not even virtually commute. Let
h = h1h2. On the one hand, h commutes with both g and g
′, so the centralizer of h is not
virtually abelian. As GΓ is of hyperbolic type, h has to act elliptically on DΓ by [Cri05,
Lemma 11]. On the other hand, each hi stabilizes Fg by commutation. Moreover, h1 and
h2 act elliptically on Fg with empty intersection of their fix point set (as F1 ∩ F2 = ∅).
As Fg is a tree, the action of h on Fg is axial, which yields a contradiction. Thus the
claim holds.
Thus any element in Stab(v1)∩Stab(v2) fixes Fg pointwise, hence Stab(v1)∩Stab(v2)
is equal to 〈g〉, which is a standard abelian subgroup.
As a consequence, we get the following alternative characterization of adjacency in
ΘΓ, which will enable us to check Assumption 4.(c) from the definition of a curve-graph-
like graph.
Corollary 6.24. Let G = GΓ be a 2-dimensional Artin group of hyperbolic type with
defining graph Γ. Let v1 and v2 be two distinct vertices of ΘΓ. The following statements
are equivalent.
1. The vertices v1 and v2 are adjacent in ΘΓ.
2. For every vertex v of ΘΓ, if every element of StabG(v1) ∩ StabG(v2) has a power
that fixes v, then v ∈ {v1, v2}.
Proof. First assume that v1 and v2 are adjacent in ΘΓ, and let v be a vertex such that
every element of StabG(v1) ∩ StabG(v2) has a power that fixes v. By Lemma 6.23, the
intersection StabG(v1)∩StabG(v2) is a standard abelian subgroup of rank 2. In particular,
for every i ∈ {1, 2}, the intersection StabG(vi)∩StabG(v) contains a free abelian subgroup
of rank 2. Lemma 6.23 thus implies that dΘΓ(v, v1) ≤ 1 and dΘΓ(v, v2) ≤ 1. As ΘΓ
contains no cycle of length 3 (Proposition 6.18), it follows that v = v1 or v = v2.
60
Now assume that v1 and v2 are not adjacent in ΘΓ. If dΘΓ(v1, v2) ≥ 3, then by
Lemma 6.23, the intersection StabG(v1) ∩ StabG(v2) is trivial, so it fixes every vertex
of ΘΓ. If dΘΓ(v1, v2) = 2, then StabG(v1) ∩ StabG(v2) is a standard abelian subgroup
H of rank 1, whose fix point set in ΘΓ contains all vertices adjacent to vH (where we
define vH to be the vertex of ΘΓ associated with H, see Proposition 6.16). It follows
from Lemma 6.9 and Lemma 6.19 that each vertex of ΘΓ has infinite valence. Thus
StabG(v1) ∩ StabG(v2) fixes more than two vertices.
6.7 An analogue of canonical reduction systems
The results in the present section will be used to check Assumption 3 (Canonical reduc-
tion systems) from the definition of a curve-graph-like GΓ-graph. Recall that Pflex(V (Θ))
denotes the collection of all nonempty sets K of vertices of Θ whose pointwise stabilizer
Pstab(K) is infinite.
Lemma 6.25. Let K ∈ Pflex(V (Θ)) with |K| > 1. Then Pstab(K) is a standard abelian
subgroup.
Proof. Write K as an increasing union of finite subsets Kn of cardinality at least 2. We
claim that for every n ∈ N, the pointwise stabilizer Pstab(Kn) is a standard abelian
subgroup. Indeed, this follows from Lemma 6.23 if |Kn| = 2. As the intersection of two
standard abelian subgroups is again a standard abelian subgroup (Lemma 6.12), the
claim then follows by induction on |Kn|.
As n increases, the groups Pstab(Kn) thus form a non-increasing chain of standard
abelian subgroups. By Corollary 6.13, this chain is eventually constant, with value a
standard abelian subgroup equal to Pstab(K).
The following lemma ensures that the fixed set graph satisfies Assumption 3.(b) from
the definition of a curve-graph-like GΓ-graph.
Lemma 6.26. Let (Ki)i∈N be a family of elements in Pflex(V (ΘΓ)) such that for every
i ∈ N, one has Pstab(Ki+1) ⊆ Pstab(Ki). Then there exist at most three indices i ∈ N
such that Pstab(Ki+1) ( Pstab(Ki).
Proof. Without loss of generality, we can assume that theKi are pairwise distinct. Notice
that if v is a vertex of ΘΓ and K is any set of vertices of ΘΓ distinct from {v}, then
Stab(v) is never contained in Stab(K). Therefore, for every i ≥ 2, we have |Ki| ≥ 2.
Using Lemma 6.25, this implies that the groups Pstab(Ki) form a non-increasing chain
of standard abelian subgroups, so by Corollary 6.13 there are at most 2 indices i ≥ 2
such that Pstab(Ki+1) ( Pstab(Ki).
The following lemma ensures that the fixed set graph satisfies Assumption 3.(a) from
the definition of a curve-graph-like GΓ-graph.
Lemma 6.27. There exists a GΓ-equivariant map f : Pflex(V (ΘΓ))→ V (ΘΓ).
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Proof. Let K ∈ Pflex(V (ΘΓ)). If |K| = 1, then f(K) is defined to be the unique vertex
in K. If |K| > 1, then by Lemma 6.25, either Pstab(K) is a standard abelian subgroup
of rank 2, which corresponds to an edge in ΘΓ by Proposition 6.16 and we define f(K)
to be a vertex of this edge; or Pstab(K) is a standard abelian subgroup of rank 1, which
corresponds to a vertex in ΘΓ and this vertex is defined to be f(K). The choice of vertex
in the edge in the former case can be made in a GΓ-equivariant way by Corollary 6.17.
Now the proposition follows.
6.8 Rigidity of the fixed set graph
In this final subsection, we review work of Crisp [Cri05] concerning the rigidity of the
GΓ-action on its fixed set graph. Following Crisp, we say that an Artin group GΓ is
CLTTF if its defining graph Γ is connected, does not contain triangles, and has all edge
labels at least 3.
Theorem 6.28 (Crisp [Cri05]). Let GΓ1 and GΓ2 be two CLTTF Artin groups with defin-
ing graphs Γ1 and Γ2, respectively. Suppose Γ1 has no separating vertices and no sepa-
rating edges. If ΘΓ1 and ΘΓ2 are isomorphic as graphs, then there is a label-preserving
isomorphism Γ1 → Γ2, and in particular GΓ1 and GΓ2 are isomorphic as groups.
The theorem is not stated explicitly in [Cri05], however, it is follows from the discus-
sion in the first paragraph of [Cri05, p. 1435]. More precisely, by [Cri05, Proposition 41],
the isomorphism i : ΘΓ1 → ΘΓ2 has to be a VF-isomorphism in the sense of [Cri05,
Section 7]. Now apply [Cri05, Proposition 23] to deduce that i maps solid chunks to
solid chunks. A definition chase as in the first paragraph of [Cri05, p. 1435] implies there
is a label-preserving embedding f : Γ1 → Γ2. We apply this procedure to i
−1 to obtain
an embedding Γ2 → Γ1, thus f is surjective.
Now we discuss two types of automorphisms of a CLTTF Artin group GΓ. Let
Aut(Γ) be the label-preserving automorphism group of Γ. Then every element in Aut(Γ)
induces an automorphism of GΓ. The inversion of GΓ, denoted ε, is the automorphism
sending each generator of GΓ to its inverse. It turns out that for some CLTTF Artin
groups, graph automorphisms and inversions are the only interesting automorphisms:
the following theorem is a consequence of [Cri05, Theorem 1].
Theorem 6.29 (Crisp [Cri05]). Let G = GΓ be a CLTTF Artin group whose defining
graph Γ has no separating vertex and no separating edge. Then
Aut(G) = Inn(G) ⋊ (〈ε〉 ×Aut(Γ)).
As a consequence, Inn(G) is finite-index in Aut(G).
Under the assumptions of Theorem 6.29, we have an action of Aut(G) on ΘΓ by
graph automorphisms, extending the G-action, defined as follows. As G is centerless,
we can identify G with Inn(G) and write Aut(G) = G ⋊ (〈ε〉 × Aut(Γ)). We start with
an action Aut(G)
s
y G which is different from the usual action of Aut(G) on G – we
require the G part of Aut(G) to act as left translations and the 〈ε〉 ×Aut(Γ) part to act
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as automorphisms. One readily checks that these two actions fit together and give the
action Aut(G)
s
y G.
Now we produce an action of Aut(G) on DΓ. As rank 0 vertices of DΓ can be identified
with G, the group Aut(G) acts on the collection of rank 0 vertices of DΓ via Aut(G)
s
y G.
It suffices to show each map in such an action extends to an automorphism of DΓ (if
such an extension exists, then it is unique). This is clearly true for the action of G part
of Aut(G). Recall that DΓ is the geometric realization of poset of certain collection of
left cosets in G (cf. Definition 1.3). But 〈ε〉 × Aut(Γ) gives rise to automorphisms of
G which permute these cosets. Thus the (〈ε〉 ×Aut(Γ))-part acts on DΓ, extending the
action on rank 0 vertices. Then we have an action of Aut(G) on DΓ. As the action of
each part of Aut(G) permutes standard trees, this induces an action on ΘΓ and gives
rise to an group homomorphism Aut(G)→ Aut(ΘΓ).
Theorem 6.30 (Crisp [Cri05]). Let G = GΓ be a CLTTF Artin group with defining
graph Γ. Assume that Γ has no separating vertex and no separating edge, and satisfies
the following vertex rigidity condition: any label-preserving automorphism of Γ which
fixes the neighborhood of a vertex is the identity automorphism.
Then any automorphism of ΘΓ is induced by an automorphism of G, hence the above
homomorphism Aut(G)→ Aut(ΘΓ) is an isomorphism.
This theorem is a consequence of the discussion in [Cri05, p. 1436]. More precisely,
let ϕ ∈ Aut(ΘΓ). Under the assumptions that GΓ is CLTTF and Γ has no separating
vertex and no separating edge, Crisp shows that up to modifying ϕ by an element in
Aut(G), we can assume ϕ induces an isometry of DΓ which is identity on the fundamental
region of DΓ. Then Crisp shows that under the assumption of vertex rigidity, such an
isometry has to be identity, finishing the proof.
Corollary 6.31. Suppose Γ satisfies the assumption in Theorem 6.30. Then Aut(ΘΓ)
does not have any nontrivial finite normal subgroup.
Proof. Let K be a finite normal subgroup of Aut(Θ). By Theorem 6.30, the above
homomorphism Aut(G)→ Aut(Θ) is an isomorphism. Let H be the subgroup of Aut(Θ)
generated by Inn(G) ≃ G and K. Then K and G are both normal in H, and K ∩ G is
trivial as G is torsion-free. Thus H is isomorphic to the direct product of K and G, in
particular, the conjugation action of K on G is trivial. This implies that K ⊆ Inn(G),
and therefore K is trivial.
7 Proof of our main results, applications and complements
We now complete the proofs of our main results regarding boundary amenability and mea-
sure equivalence rigidity in the realm of 2-dimensional Artin groups of hyperbolic type.
We also give applications to orbit equivalence rigidity, rigidity of certain von Neumann
algebras associated to measure-preserving actions of Artin groups, lattice embeddings of
Artin groups and cocycle superrigidity from higher-rank lattices to 2-dimensional Artin
groups of hyperbolic type.
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7.1 Boundary amenability
Theorem 7.1. Every 2-dimensional Artin group of hyperbolic type is boundary amenable.
Proof. Every 2-dimensional Artin group of hyperbolic type acts discretely by isometries
on its coned-off Deligne complex, which is a connected piecewise hyperbolic CAT(−1)
simplicial complex with countably many simplices and finitely many isometry types of
simplices. By Corollary 6.20, vertex stabilizers are boundary amenable. The conclusion
therefore follows from Theorem 3.1.
Theorem 7.2. Let G = GΓ be a 2-dimensional Artin group of hyperbolic type with
defining graph Γ. Then the G-action on the Gromov boundary of the coned-off Deligne
complex D∗Γ is Borel amenable.
Proof. This follows from Theorem 3.2, using the fact that edge stabilizers for the G-
action on D∗Γ are amenable (Corollary 6.22).
7.2 Measure equivalence rigidity
Theorem 7.3. Let G1 and G2 be two 2-dimensional Artin groups of hyperbolic type, with
defining graphs Γ1 and Γ2, respectively. For every i ∈ {1, 2}, let ΘΓi be the associated
fixed set graph. Assume that there exists a measure equivalence coupling Σ between G1
and G2.
Then ΘΓ1 and ΘΓ2 are isomorphic, and there exists an almost (G1×G2)-equivariant
Borel map
Σ→ Isom(ΘΓ1 → ΘΓ2),
where the G1 ×G2-action on Isom(ΘΓ1 → ΘΓ2) is via (g1, g2) · f(v) := g2f(g
−1
1 v).
Proof. This follows from Theorem 5.5 together with the following proposition.
Proposition 7.4. Let G = GΓ be a 2-dimensional Artin group of hyperbolic type with
defining graph Γ.
Then the fixed set graph ΘΓ is a curve-graph-like G-graph.
Proof. We let P∗(V (ΘΓ)) = V (ΘΓ). Then Assumption 1 from Definition 5.1 is obviously
satisfied.
We now check Assumption 2. Let K = D∗Γ
h
be the horocompactification of the
coned-off Deligne complex, which is a compact metrizable space on which G acts by
homeomorphisms. WriteK = Kbdd⊔K∞ as in Proposition 2.3. Let ∆ := ∂∞D
∗
Γ, which is
separable and completely metrizable (see [Va¨05, Proposition 5.31]). By Proposition 2.3,
there is a Borel G-equivariant map Kbdd → D
∗
Γ, and by Lemma 6.5, there is a Borel G-
equivariant map D∗Γ → V (ΘΓ), showing that Assumption 2.(a) holds. By Proposition 2.3,
there is a G-equivariant Borel map K∞ → ∂∞D
∗
Γ, showing that Assumption 2.(b) holds.
By Proposition 2.4, there is a G-equivariant Borel map (∂∞D
∗
Γ)
(3) → D∗Γ, which combined
with the Borel G-equivariant map D∗Γ → V (ΘΓ) provided by Lemma 6.5 shows that
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Assumption 2.(c) holds. Finally, Theorem 7.2 ensures that the G-action on ∂∞D
∗
Γ is
Borel amenable, which is Assumption 2.(d).
Assumption 3.(a) was checked in Lemma 6.27, and Assumption 3.(b) was checked in
Lemma 6.26.
Assumption 4.(a) is provided by Lemma 6.19, and Assumption 4.(b) follows from
Lemmas 6.19 and 6.23. Finally, Assumption 4.(c) was checked in Corollary 6.24.
In particular, combining Theorem 7.3 with Crisp’s first rigidity statement for curve
graphs (Theorem 6.28), we deduce the following.
Corollary 7.5. Let G1 and G2 be two Artin groups whose defining graphs are both
connected, triangle-free, with all labels at least 3. Assume in addition that the defining
graph of G1 has no separating vertex and no separating edge.
Then G1 and G2 are measure equivalent if and only if they are isomorphic.
As a consequence of Theorem 7.3, we also get a measure equivalence classification
statement among right-angled Artin groups. Recall that a right-angled Artin group G
is transvection-free if its outer automorphism group does not contain any transvection,
equivalently, if given any two vertices v,w in the defining graph Γ of G, the link of v is
never contained in the star of w.
Corollary 7.6. Let G1 and G2 be two transvection-free right-angled Artin groups whose
underlying graphs Γ1 and Γ2 are connected and have girth at least 5.
Then G1 and G2 are measure equivalent if and only if they are isomorphic.
Proof. The if direction is clear. For the only if direction, since G1 and G2 are 2-
dimensional Artin groups of hyperbolic type, it follows from Theorem 7.3 that the graphs
ΘΓ1 and ΘΓ2 are isomorphic. Notice that in the case of transvection-free right-angled
Artin groups, the fixed set graph is isomorphic to the extension graph introduced by
Kim and Koberda in [KK13]. It thus follows from [Hua17, Proposition 4.16] that Γ1
and Γ2 are isomorphic as graphs (alternatively, this can be derived from [BKS08, Theo-
rem 7.1]).
We also obtain some strong measure equivalence superrigidity statements.
Theorem 7.7. Let G = GΓ be a 2-dimensional Artin group of hyperbolic type with
defining graph Γ. Assume that the natural map G → Aut(ΘΓ) is injective and finite-
index image, and that Aut(ΘΓ) does not have any nontrivial finite normal subgroup.
Then G is ME-superrigid.
Proof. Combining Proposition 7.4 with Corollary 5.7, it remains to prove all nontrivial
conjugacy classes in Aut(ΘΓ) are infinite. This follows from Lemma 6.6: indeed, the
assumption of Lemma 6.6 is implied by our requirement of injectivity of the natural map
G→ Aut(ΘΓ), because if Γ is an edge or star with all edge labels equal to 2, then ΘΓ is
reduced to one point (hence G→ Aut(ΘΓ) is the trivial map).
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In particular, combining Theorem 7.7 with Theorem 6.29. Theorem 6.30 and Corol-
lary 6.31, we deduce the following.
Corollary 7.8. Let G = GΓ be a 2-dimensional Artin group of hyperbolic type, whose
defining graph Γ is connected, triangle-free, with all labels at least 3. Suppose that Γ
has no separating vertex and no separating edge. Assume in addition that Γ satisfies
the vertex rigidity condition: any label-preserving automorphism of Γ which fixes the
neighborhood of a vertex is the identity automorphism.
Then G is ME-superrigid.
7.3 Orbit equivalence rigidity
Let G1 and G2 be two countable groups, and for every i ∈ {1, 2}, let Xi be a standard
probability space equipped with an essentially free measure-preserving action of Gi by
Borel automorphisms.
The actions G1 y X1 and G2 y X2 are virtually conjugate if there exist short exact
sequences 1 → Fi → Gi → Qi → 1 with Fi finite for every i ∈ {1, 2}, finite-index
subgroups Q01 ⊆ Q1 and Q
0
2 ⊆ Q2, and conjugate actions Q
0
1 y X
′
1 and Q
0
2 y X
′
2 such
that for every i ∈ {1, 2}, the Qi-action on Xi/Fi is induced from the Q
0
i -action on X
′
i.
The actions G1 y X1 and G2 y X2 are stably orbit equivalent if there exist Borel
subsets Y1 ⊆ X1 and Y2 ⊆ X2 of positive measure and a measure-scaling isomorphism
f : Y1 → Y2 such that for a.e. y ∈ Y1, one has
f((G1 · y) ∩ Y1) = (G2 · f(y)) ∩ Y2.
Virtually conjugate actions are always stably orbit equivalent.
It turns out that two countable groups are measure equivalent if and only if they
admit essentially free ergodic measure-preserving actions by Borel automorphisms on
standard probability spaces which are stably orbit equivalent (see e.g. [Fur11b, Theo-
rem 2.5]), so Theorem 7.3 yields the following.
Theorem 7.9. Let G1 and G2 be two 2-dimensional Artin groups of hyperbolic type
with defining graphs Γ1 and Γ2. Assume that G1 and G2 have stably orbit equivalent
ergodic measure-preserving essentially free actions by Borel automorphisms on standard
probability spaces X1 and X2.
Then ΘΓ1 and ΘΓ2 are isomorphic.
In particular Corollaries 7.5 and 7.6 have analogues formulated in the language of
stable orbit equivalence.
Let G be a countable group, and let X be a standard probability space. An er-
godic measure-preserving essentially free G-action on X by Borel automorphisms is
OE-superrigid if for every countable group G′, and every ergodic measure-preserving
essentially free G′-action on a standard probability space X ′, if the actions Gy X and
G′ y X ′ are stably orbit equivalent, then they are virtually conjugate.
Again, there is a close relationship between ME-superrigidity of a countable group
and OE-superrigidity of its ergodic probability measure-preserving essentially free ac-
tions, given in [Fur11b, Lemma 4.18], and Theorem 7.7 yields the following.
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Theorem 7.10. Let G = GΓ be a 2-dimensional Artin group of hyperbolic type with
defining graph Γ. Assume that the natural map G→ Aut(ΘΓ) has finite kernel and finite-
index image, and that Aut(ΘΓ) does not contain any nontrivial finite normal subgroup.
Then every ergodic measure-preserving essentially free action of G on a standard
probability space by Borel automorphisms is OE-superrigid.
Notice that as in Corollary 7.8, this applies in particular to all CLTTF Artin groups
whose defining graph has no separating vertex, no separating edge, and satisfies the
vertex rigidity condition.
7.4 Rigidity for von Neumann algebras
Let G be a countable group, and let (X,µ) be a standard probability space equipped
with an ergodic measure-preserving essentially free G-action by Borel automorphisms.
We say that the action Gy X is W ∗-superrigid if for every countable group H, and
every ergodic measure-preserving essentially free action of H on a standard probability
space Y by Borel automorphisms, if the von Neumann algebras L∞(X)⋊G and L∞(Y )⋊
H are isomorphic, then the actions G y X and H y Y are virtually conjugate – in
particular G and H are almost isomorphic.
The following theorem gives a new infinite class of examples of groups all of whose
actions are W ∗-superrigid in the strongest possible sense, after works of Houdayer, Popa
and Vaes [HPV13] and of Chifan, Ionut and Kida [CIK15].
Theorem 7.11. Let G = GΓ be a 2-dimensional Artin group of hyperbolic type. Assume
that its defining graph Γ is either bipartite, or triangle-free with all labels at least 4.
Assume that the natural map G → Aut(ΘΓ) has finite kernel and finite-index image,
and that Aut(ΘΓ) does not contain any nontrivial finite normal subgroup.
Then every ergodic measure-preserving essentially free G-action by Borel automor-
phisms on a standard probability space is W ∗-superrigid.
This applies in particular to all groups G as in the statement of Corollary 7.8 with
the extra assumption that all labels of Γ are at least 4.
Proof. Let G y X be an ergodic measure-preserving essentially free G-action by Borel
automorphisms on a standard probability space X. By a theorem of Haettel [Hae20,
Theorem A], the group G acts properly nonelementary by isometries on a proper finite-
dimensional CAT(0) cube complex. It thus follows from [HHL, Corollary 4.2] that the
von Neumann algebra L∞(X) ⋊ G contains L∞(X) as its unique Cartan subalgebra,
up to unitary conjugacy. By [FM77], this implies that L∞(X) ⋊ G recovers the orbit
equivalence class of the action G y X. In other words, if G y X and H y Y are two
actions as above and L∞(X)⋊G is isomorphic to L∞(Y )⋊H, then Gy X and H y Y
are orbit equivalent. The conclusion therefore follows from the orbit equivalence rigidity
statement given in Theorem 7.10.
Remark 7.12. Unfortunately, at this point, the preprint [HHL] is not available yet, so
we owe an explanation to the reader. As G acts properly nonelementarily by isometries
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on a CAT(0) space X with a rank one isometry, a theorem of Papasoglu and Swenson
[PS09, Theorem 4] enables to show that for every diffuse probability measure η on ∂∞X
supported on the set of Morse rays, every sequence (gn)n∈N ∈ G
N is η-proximal in the
sense of [BIP18, Definition 3.7]. Therefore G is η-proximal in the sense of Boutonnet,
Ioana and Peterson [BIP18]. Details will appear in [HHL]. As G acts properly on a
CAT(0) cube complex, it follows from [GH10] that G is also weakly amenable. The
rigidity statement thus follows from [BIP18, Theorem 1.5].
The question of extending Haettel’s theorem to all triangle-free Artin groups is still
open to our knowledge. Yet, in this case, we can still remove the assumption that all
labels of the defining graph Γ are at least 4, up to the cost of reaching a slightly weaker
conclusion, where one has to restrict to weakly compact group actions.
We refer the reader to [OP10, Definition 3.1] for the notion of the action Gy (X,µ)
being weakly compact, and simply mention that this applies in particular to all compact
actions, i.e. those for which the image of G in Aut(X,µ) is relatively compact. Typically,
when the group G is residually finite, then the G-action on its profinite completion
(equipped with the Haar measure) is compact, see e.g. [Ioa18, Section 2.4]. In the realm
of Artin groups, Blasco-Garc´ıa, Juha´sz and Paris gave sufficient conditions ensuring
residual finiteness [BGJP18]. Notice in particular that the class of residually finite 2-
dimensional Artin groups of hyperbolic type which are ME-superrigid is infinite.
We say that the action G y X is W ∗wc-superrigid if for every countable group H,
and every weakly compact ergodic measure-preserving essentially free action of H on
a standard probability space Y by Borel automorphisms, if the von Neumann algebras
L∞(X) ⋊G and L∞(Y )⋊H are isomorphic, then the actions G y X and H y Y are
virtually conjugate – in particular G and H are almost isomorphic.
Theorem 7.13. Let G = GΓ be a 2-dimensional Artin group of hyperbolic type whose
defining graph Γ is triangle-free. Assume that the natural map G→ Aut(ΘΓ) has finite
kernel and finite-index image, and that Aut(ΘΓ) does not contain any nontrivial finite
normal subgroup.
Then every ergodic measure-preserving essentially free G-action by Borel automor-
phisms on a standard probability space is W ∗wc-superrigid.
Again, this applies in particular to all groups G as in the statement of Corollary 7.8.
Proof. Since Γ is triangle-free, a theorem of Brady and McCammond [BM00, Theorem 6]
ensures that G acts properly and cocompactly by isometries on a proper 2-dimensional
piecewise Euclidean CAT(0) simplicial complex. It thus follows from [HHL, Corollary 5]
that G is properly proximal in the sense of Boutonnet, Ioana and Peterson [BIP18].
Let G y X be a weakly compact ergodic measure-preserving essentially free G-action
by Borel automorphisms on a standard probability space X. By [BIP18, Theorems 1.4
and 1.5], the von Neumann algebra L∞(X) ⋊ G contains L∞(X) as its unique weakly
compact Cartan subalgebra (in the sense of [BIP18, Definition 2.2], following [OP10]).
By [FM77], this implies that L∞(X)⋊G recovers the orbit equivalence class of the action
G y X among the class of weakly compact countable group actions. The conclusion
therefore follows from the orbit equivalence rigidity statement given in Theorem 7.10.
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There are possible variations on the statements of Theorems 7.13 and 7.11. In partic-
ular, they could be stated in terms of stable W ∗(wc)-superrigidity as introduced in [PV10,
Section 6.2]. We refer to [HHL, Section 4.3] for a more detailed discussion. The same
argument also yields the following.
Theorem 7.14. Let G1 and G2 be two 2-dimensional Artin groups of hyperbolic type
whose defining graphs Γ1 and Γ2 are triangle-free. For every i ∈ {1, 2}, let Gi y Xi be
a weakly compact ergodic measure-preserving essentially free action by Borel automor-
phisms on a standard probability space.
If L∞(X1)⋊G1 and L
∞(X2)⋊G2 are isomorphic, then ΘΓ1 and ΘΓ2 are isomorphic.
Here again, if all labels in Γ1 or Γ2 are at least 4, then we can remove the assumption
that the actions are weakly compact.
7.5 Lattice embeddings
The following theorem states that a 2-dimensional Artin group of hyperbolic type whose
fixed set graph is rigid cannot be a lattice in a locally compact second countable group
in a nontrivial way.
Theorem 7.15. Let G = GΓ be a 2-dimensional Artin group of hyperbolic type with
defining graph Γ, and let G′ be a finite-index subgroup of G. Assume that the natural
homomorphism G→ Aut(ΘΓ) is injective and has finite index image, and that Aut(ΘΓ)
does not have any nontrivial finite normal subgroup.
Let H be a locally compact second countable group (equipped with its right Haar
measure), and let f : G′ → H be an injective homomorphism, such that f(G′) is a lattice
in H. Then there exists a continuous homomorphism g : H → Aut(ΘΓ) with compact
kernel such that g ◦ f = id coincides with the inclusion map G→ Aut(ΘΓ).
Proof. By Proposition 7.4 and Remark 5.2, the fixed set graph ΘΓ is a curve-graph-
like G′-graph. It thus follows from Theorem 5.5 that for every self measure equivalence
coupling Σ of G′, there is an almost (G′ × G′)-equivariant Borel map Σ → Aut(ΘΓ).
As Aut(ΘΓ) has infinite conjugacy classes by Lemma 6.6, the proof is then the same as
Kida’s proof in the mapping class group setting ([Kid10, Theorem 8.1], following earlier
work of Furman [Fur11a]) – namely, the lattice embedding turns H into a self measure
equivalence coupling for G′, so by the above we get a map H → G′, and a general
argument using that G′ has infinite conjugacy classes enables to show that this map is
a group homomorphism and can be turned into a continuous retraction, with compact
kernel.
7.6 Cocycle superrigidity from higher-rank lattices to Artin groups
We finally mention a consequence of the techniques developed in the present paper, which
is independent from our main result on measure equivalence rigidity. Using the action on
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the coned-off Deligne complex which is CAT(−1), one can show that if H is a lattice in
a higher rank simple algebraic group over a local field, and if G is a 2-dimensional Artin
group of hyperbolic type, then every homomorphism from H to G has finite image – for
example, this can be proved using Haettel’s theorem stating that higher-rank lattices
cannot act nonelementarily on hyperbolic spaces [Hae16]. Theorem 7.16 below extends
this statement about homomorphisms to a cocycle superrigidity result.
In the following statement, a cocycle c : H ×Ω→ G is a Borel map such that for all
g, h ∈ H and a.e. ω ∈ Ω, one has c(gh, ω) = c(g, hω)c(h, ω). Two cocycles c and c′ are
cohomologous if there exists a Borel map f : Ω → G such that for all h ∈ H and a.e.
ω ∈ Ω, one has c′(h, ω) = f(hω)c(h, ω)f(ω)−1.
Theorem 7.16. Let G = GΓ be a 2-dimensional Artin group of hyperbolic type. Let H0
be a product of connected higher rank simple algebraic groups over local fields. Let H
be either H0, or a lattice in H0. Let Ω be a standard probability space equipped with an
ergodic measure-preserving H-action by Borel automorphisms.
Then every cocycle H × Ω→ GΓ is cohomologous to the trivial cocycle.
Proof. Following [GHL, Definition 3.1], given a countable discrete group Λ, we say that
the pair (H,Λ) is cocycle-rigid if for every standard probability space Ω equipped with
an ergodic measure-preserving H-action, every cocycle H×Ω→ Λ is cohomologous to a
cocycle that takes its values in a finite subgroup of Λ. Our goal is to prove that the pair
(H,GΓ) is cocycle-rigid (recall indeed that GΓ is torsion-free so the only finite subgroup
of GΓ is the trivial subgroup).
Recall that the fixed set graph ΘΓ is a curve-graph-like GΓ-graph (Proposition 7.4).
Assertion 2 in the definition of a curve-graph-like GΓ-graph (Definition 5.1) precisely
says that GΓ is geometrically rigid with respect to P∗(V (ΘΓ)) in the sense of [GHL,
Definition 4.9]. It thus follows from [GHL, Theorem 2] that every cocycle H × Ω→ GΓ
is cohomologous to a cocycle that takes its values in a subgroup of GΓ that virtually fixes
a vertex of ΘΓ. But vertex stabilizers of ΘΓ are virtually isomorphic to F ×Z where F is
a free group (Lemma 6.19). Since (G,F × Z) is cocycle-rigid, and since cocycle-rigidity,
as a property of the target group, is stable under passing to a finite-index overgroup
[GHL, Proposition 3.9], the conclusion follows.
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